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PREFACE 


The present book is in substance an elaboration of a course of 
fifteen lectures on the Fourier Integral and its Applications, 
given at the University of Cambridge during the Lent Term of 
1932. When I arrived in Cambridge during the Michaelmas 
Term of 1931, on leave of absence from the Massachusetts 
Institute of Technology, I had vague plans of writing up certain 
topics in the theory of harmonic analysis into a book on the 
subject. My original idea was of a rather comprehensive treatise, 
proceeding from the elements of Lebesgue integration through 
the Li theory of the Fourier series to the Plancherel theorem, 
the Fourier Integral, the periodogram, and lastly, to theorems of 
Tauberian type. My impulse to write a book of this type arose 
from a dissatisfaction with the preponderant r61e of convergence 
theory in existing textbooks on the subject, and from the need 
for a treatment more in line with the extensive periodical 
literature. 

As far as my desire to write a book sprang from the need for 
a textbook to use in my course at the Massachusetts Institute 
of Technology, it has largely been dissipated by the recent ap- 
pearance of a book on the Theory of Functions by Professor 
Titchmarah. Several chapters of his book are devoted to the 
treatment of Fourier series from the modern point of view. 
.Unfortunately — from my standpoint — he does not allot a great 
deal of space to the Fourier Integral and related matters. 
Thus, while there is now no need for the comprehensive treatise 
which I at first contemplated, there is need for a discussion of 
the Fourier Integral from the modern point of view. When 
Professor Titchmarsh’s book has been in use for some five 
years, and has become the basis for higher instruction in Fourier 
series, it will be possible to treat the Fourier Integral in a 
thoroughgoing and coordinate way, but for the present we shall 
have to content ourselves with more fragmentary treatments. 
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Thus when Mr Besicovitch and Professor Hardy suggested my 
giving - a course during the .Lent Term, I gladly fell in with their 
plans, and offered as a topic the Fourier Integral and its Applica- 
tions. It was none of my purpose to aim at* completeness, but, 
merely to present various aspects of the theory whoso sole unity 
was that I had worked in all of them. When Professor Hardy 
later suggested that I should submit the manuscript to the 
Cambridge University .Press, we both agreed that at this time 
it was better to make the book a frank course of lectures than to 
strive for the clean-cut outline of a treatise. There are throe more 
or less separate groups of ideas which accordingly find reprosen 
tation: the group pertaining to the Fourier transform and the 
Plancherel theorem; the notions of an absolutely convergent. 
Fourier series and of a Tauborian theorem; and the concept of 
the spectrum. This last idea is, it is true, dependent on both 
the preceding parts of the book, and serves to give it some degree 
of unity. 

The main results of the book may be listed as follows: 

* (1) The Plancherel theory of the existence of the Fourier 
transform of a function of X 2 , together with the associated 
Parseval theorem and the proof of the theorem yielding the 
inverse of a Fourier transformation ; 

(2) The theorem asserting that if /(«?) is a continuous non* 

vanishing function with an absolutely convergent. Fourier series, 
the Fourier series of converges absolutely; 

(3) Various forms of general Tauberian theorems; 

(4) The Lambert-Tauber theorem and the de la Valhks 
Poussin-Hadamard theorem concerning the distribution of 
primes; 

(5) The Ikehara-Landau theorem and its application to the 
distribution of primes ; 

(6) The theorem connecting the mean of the square of the 
modulus of a function with a singular Quadratic form in its 
integrated Fourier transform; 
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(7) Tho theorem that a function which has a spectrum has a 
positive spectrum; 

(8) A group of theorems concerning the spectra of ,|inear 
transforms of a given function; 

(9) Tho Weiers trass and Parse val theorems for almost periodic 
functions. 

Naturally, most of these topics have already been treated in 
various monographs by myself and others. These are given in 
a bibliography at the end, and my own monographs will nob 
necessarily be cited elsewhere. 

After some deliberation, I decided to omit a discussion of 
harmonic analysis in the complex plane, on the ground that it 
required too much introductory material not needed elsewhere 
in tho book, and would throw it out of balance. 

Tho papers leading up to this book have been read in proof 
and most helpfully criticized by Professor J. D. Tamarkin of 
Brown University and by several of my colleagues and students. 
To these I wish to oxpress rny thanks. I wish to thank my Cam- 
bridge colleagues and the Syndics of the Cambridge University 
Press for causing this book to bo written and making its publica- 
tion possible. Particular gratitude is due to Professor Hardy of 
Cambridge and to Mr Skewes of the University of the Cape of 
Good Hope for their painstaking reading of the manuscript. 

N. W. 


Cambridge 
July 1932 




INTRODUCTION 


§ 1. The Nature of Harmonic Analysis. 

In the hierarchy of branches of mathematics, certain points 
are recognizable whore there is a definite transition from one level 
of abstraction to a higher level. The first level of mathematical 
abstraction leads us to the concept of the individual numbers, as 
indicated for example by the Arabic numerals, without as yet 
any undetermined symbol representing some unspecified number. 
This is the stage of elementary arithmetic; in algebra we use 
undetermined literal symbols, but consider only individual 
specified combinations of those symbols. The next stage is that 
of analysis, and its fundamental notion is that of the arbitrary 
dependence of one number on another or of several other’s — the 
function. Still more sophisticated is that branch of mathematics 
in which the elementary concept is that of the transformation of 
one function into another, or, as it is also known, the operator. 
It is only in connection with the operational calculus that the 
true significance of harmonic analysis is to be appreciated. 

Let us consider, then, an operation T , transforming functions 
f(x) defined over (— oo , oo ) into functions T \f } — g (x), defined 
over the same range. If 

T (/. O) +/. (*>} - T (/, (»)} + T {/, («)}; 

T {af(x)} = aT (a constant); 

the operator T {/} is said to be linear. Linear operations are 
common in physics — commoner indeed in physics than in nature, 
for the first approximation to a most definitely non-linear 
operator is often a linear one. An even more common type of 
operator has been given by Yol terra the somewhat inappropriate 
name of an operator of the closed cycle. It has the property 
that if T {f } — g, and if f {x + h) — f x (x), g (x + h) = g% (x), then 

T{fi(x))=g x (x). 
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I N’l'Kom’iTluS' 


If fcho argument tr in taken to he the time, then inont «>f t he 
operators of physios are of the closed cycle, !<>r t here me extremely 
few physical processes in whieh u rising*' us the tune . *f‘ c.«in» 
mcnc^tmmt h as any further efl'eet than si ro*-re«|».«nding 
in the time at whieh any given stage of t h< 9 | If'# MS * * 4 PiiNs I 4 1 k« *. pi III'** 
The function «“*•'' plays a singularly uoj. •: r with 

respect to operators of the cloned cycle. This result#* fr< »m t lie 
fact that 

£**# (if l hi ^ 

or in wortla, that a time displacement of such a function pro 
duces no other change in it than to multiply it hy a ••■.mpt« % 
number of modulus 1. If the operator T whieh we are 
considering is both linear and of the clones! cycle, it Im-chu"* a 
matter of interest to consider tin* result of apply su.\ it to 
linear combinations of functions such as #**«», 1**1 n» nut* that 

T(v * „ T(v i '* h r tu * ) « c‘“* Ttv***\. 
so that if wo put 2’ (#»*“-*) «■ we have 

$ (a? + A > ti* uk 

or $ (A) *» <A ( 0} 0 tuk . 

Thus the effect of T on e iu * is merely to multiply it hy a eon- 
stant. It follows that 

(IT) T (2 «„«*“--) «. £o„A„«*'*** , 

i i 

where the b n ‘a depend only on u m and T, not on a*. In other 
words, if we regard the set of coefficients tt- m im in some way 

representing the function 2 a* ««**»• «*/(*). the linear operation 

T of the closed cycle applied to /(*) eom- ip u«ds to the multi 
plicative factors b n applied to o„. This fact and others that are 
its formal generalisations constitute the chief -dgnifb* m<v of 
methods of harmonic analysis. 

In Chapter I our chief purpose is to extend theorems of the 
type (IT) to the case where 3£ is replaced hy an integral of the 
* 

t 
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appropriate kind. Wo investigate some of the conditions under 
which a function f'(ir.) determines a function g (u) given formally 

l »y 

( T2) g (u) = , 1 r f O) e~ iux thr., 

V 2 tt J -00 

and find that these conditions yield a result which we may 
formally write 

I rto 

0 *3> /(«) — / - / .<7 ( «) e 1 "® 

Vz7 —oo 

A" 

which may b<* rogunlud an an oxtnndod form of ' f (m) « a n e^ x - 
If we put 

I r 00 

(i*4) {/%(**) ■** , 

V ^TT J *”*00 

we shall obtain 

( *00 fiJft 

./l — £)/(£) <t£ - <h(H)ff(n) dll. 

* *'00 J -*w 

r**> 

Tim operator which turns ./'(#) into y* (.« ~ %)/(%) d% thus 

J ' 09* 

corresponds formally to the operator of multiplication by 
//x (m) applied to g. 

In Chapter II wo devote our attention to the asymptotic 
behaviour of such linear closed-cycle transforms of f (sc) as 

(Hi) *>-*>/(*>,**. 

This forms the subject-matter of the Tauborian theory — often 
in a form disguised by a change of variable, in which (1*6) is 
replaced by 

I f 00 

. Q(#/$)4>(& d& 

j i) 

It is not surprising, in view of the likeness of (1*0) to the left- 
hand expression in (1*0), that we shall find the function 

1 ( w 

. K (as) e~ i,m dec 

V‘2w J — ' 

1*3 
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playing an important role in this theory, thin ir* *dl the 
natural, in consideration of t ho furl that t 1»<‘ u*ympt ><t jc pio 
portios of a function arc independent «»} any ch» * »t origin, 
and are lumen invariant, under any trimstbni.at i»«n j % ** .* + h, 
which also leaves invariant, all ojierators «>i tin - c !•»*•«*• I cycle. 

In Chapter III wo return to the consideration of o\ pren-m .»i* 
of a .similar type to ( 1 *3 ), hut now adapted the ti.atimn! of 
functions /’pc) which nerd not ho .small in sonic sense at infinity, 
aa arc those of < ’hapfer I. The theory develojs d m t 'hupt» r II 
appears as a uHtdul tool. < )no upplieut ion id great importance o. 
to the Bohr theory of almost periodic functions. \V *• *4iall trim 
tho transformation which yields /'(.*• * A.) when apphr.i t.< i * .< i 
(X, real) a translation. The conception id almost p. i estn-i! v, 
like that of periodicity, involves no reference t«* an »npn, and 
therefore has that type of invariance under t i»in»lnl mn which 
makes relevant tho consideration of operator* *<f the eloped 
cycle and of an harmonic analysis in terms of the function e** M . 

§2* Tho Proportion of tho Lebesgue I at coral. 

It is well known that an adequate theory of the Fourier series 
can only bo established on tin* basis of I^ehesgue uitegmt imj. 
All those theorems which proceed from a given function to its 
Fourier coefficients can indeed be established on the basis «*f any 
leas inclusive! concept, such as that of the Kietmutu integral, hut 
the fundamental theorem which proceed,* from « set of coefficient* 
to the existence of a function having these Fourier coefficients, 
that of Riesss and Fischer, is simply false for any definition 
narrower than that of Lebosgue. In the theory of Fourier series, 
the function to be expanded and its cmdlkients are two very 
different sorts of things— the function is defined fi*r n continuous 
infinity of values, but is periodic, and hence need only tat given 
within a single period, whereas the coefficients are a ilimui’Ui 
non-periodic set of numbers. In the case of tho Fourier 
integral, however, if the function bo bo expanded is /(<r) oft I 3), 
the function g (n) plays the part of the wit of Fourier coefficients, 
and the formal similarity between (12) and (1*3) shows how 
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impossible it is to say which of f and g is the function we are 
expanding and which is the sot of coefficients. Both are non- 
periodic functions defined over continuous infinite ranges. 
Accordingly, it is impossible to segregate the difficulties of the 
theory of the Fourier integral into two categories, but instead 
we find that all the difficulties which in the Fourier series arise 
either on proceeding from the function to the coefficients or 
from the coefficients to the function are here met with in both 
arguments. It is totally impossible to establish a reasonably 
complete and symmetrical theory of the Fourier integral except 
on the biisis of Lobesguo integration. 

It. is no part of the present hook to attempt a thorough and 
systematic treatment, of the Lebesgue integral. However, in 
view of the none too well-established position of the theory in the 
curriculum of Mnglish and American universities, it has seemed 
advisable to give a resume, of the definitions of Lebesgue measure 
and of the Lebesgue integral, together with a few of the 
cardinal theorems which come into constant use. In the choice 
of these theorems, I have been greatly influenced by the choice 
made for similar purposes by Professor Hardy in his lectures on 
Fourier norms. It is my intention to make the selection full 
enough for this book to be intelligible to anyone who is fairly 
grounded in the elementary non-Lobesgue theory of the func- 
tions of a real variable. Naturally, none but the extremely 
indolent will content himself with taking the proof of these 
fundamental theorems on faith. 

hot us start them with a set of points 8 on a finite interval 
(ft, b). Lot us inclose all points of 8 in a finite or denumerable 
set of intervals of total length M. The length M may of course 
bo given different values by different choices of the set of 
inclosing intervals. Wo shall call the greatest lower bound of 
possible values of M the outer measure of 8, and shall write it 

m (8). 

Now let 8 be the sot of all those points of (a, b) that do not 
belong to 8. Let us put 

m (8) =*& — « — #£ (8). 
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We ahull term m (.S') the inner measure of .S', In <-hn.* 

Hi ( .S' ) am III { .S’ ), 

wo Hhull write m(.S’) for the wmmmn value »»f then** t vvm quantities, 
shall term it the niette are of .S', and shall huv I hat .S’ in meujuir 
able. It in easy to show that the measure ami t he meusuraluhty 
of .S' do not depend on the length of the interval to, hi. 

On an infinite interval, we ahull U*rm a set .s' uteamiruhh- if 
whenever a < b, tin* portion of .S' in (o, hi in moauumblo, If we 
write .S' (a, b) for this portion of A’, we ahull put 

m(i S’) e lim hi (.S' {ti, hi). 

#* ** tx» 
h ****** 

In two or more dimensions, tin* definition of measure in .»nly 
changed in ho far an we replaee "interval" by "r<er tangle" or 
“ rectangular parallelepiped ” and ’'length*' by " urea " or 
“volume,” in the senso appropriate to the titiinl»<r of dimetiNtottN 
in question. In the definition of the measure of a Net m the 
whole plane or in all spare, the interval (»*, h > iw rephie. it by an 
analogue, which in allowed to grow in all direetionn The defuu 
tions of rnoaHure than obtained are not restricted if we nj»eetfy 
the orientation of our ree tangles and reetungul.tr juirutlelept |*<ds, 
bnt are independent of thin orientation, 

We shall define a null eet an one of measure ft, A proposition 
involving a variable point is said to he true ahno«t eemyt vlmre 
if it only fails to be true over (at most) a null net, 

A function /(«) is said to 1 h< mmtmt ruble over {«, h) (a mid h 
finite) if the set of values of a? on {a, h) for which a «,& 

is measurable for every a and 0. If the function fix) is k over 
the measurable sot of points »N lying within in. h) and »* jtero 
elsewhere, wo define the Lebentgtm integral —wo shut l simply my 
integral — of/ (a>) over (a, b) to be 

(2*0 1) [ / (as) dec «* km (&). 

J £&■ 

n 

If f{a>) — 2/* (a?), where each one of the functions /* (*») is of 
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the type for which the integral in defined in (2‘01), we shall 
write 

rb « rf> 

f (x) dx = E f k (x) dm. 

Ja X Ja 

For any real bounded function of fix), we shall define 


f 


f{x) das, 

a 

the upper integral of f (pi), as the greatest lower bound of 


f 

J a 


g (x) dm. 


where g (x) is a function of the type for which the integral is 
defined in (2*01) and g (x) ^J'(x) over (a, b). In the same 
circumstances, the lower integral is defined by 


In case 


f dx — — j (—/'(a;)) ( lx. 

J (t J n 

I f(x) dx * | f(x) dx, 

J a J a 


rb 

we shall write 1 I f {x) dx for their common value. 

J it 

We now introduce a pair of notations to which we shall have 
frequent occasion to return in later paragraphs. We put 
/a, it («0 “ A (/("••) < -d): “/(*) (A <.f(x)< li); « H(Jt </(«)); 
and 

f A (x)*mf(x) (\f(x)\ <A); — Af(x)j\f(x)\ (J/(*)| > A). 

Let ns note that the second definition yields J.~a,a ( x ) if 
real, but is significant oven in the case of complex -valued func- 
tions. Let us further note for future reference that in all cases 

(2 01b) | /*,*(«) ~/a,b (?/)|«| /(*) -/(?/) 1 5 

I /a (*) ~/a (y)| H\ /(*) -/<!/)]■ 

We now may complete the definition of Ijobesgue integration 

rb 

for real unbounded functions. We define / (x) dx by 

J a 


fb 

f(x) 

J tt 


dx » lim 


A - go 

fjt«+*QQ 


f /s.s(*> 

J a 


dx. 
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In case the integral of/(,r) as I Hum defined exists, we shall say 
that f (us) is integrable, or that it beh 'tigs t • » tin* class /, 4 . 

Let us now enunciate certain propositions *in*ei mug measure 
and integration to which we shall lmv«- Mi)iNO|n< nt .«sM-.i.*n t*» 
refer. The proof’s an* to ho found in any standard tieatiso mi 
the Lebesgue iutogrnl. Wo shall indirate these proj*osji »mis by 
the letter X, as well aw certain theorems wlneh we shall prove 
but which hehmg rather to tin* haekgrotind <>f tin* theories <4 
this book than to the theorioH themselves, 

Xj. If i S* is the logical sum of the finite or den u mcroblc a rt *»/ 

•non -oncrlapping measurable sets of points B% , N a S, then 

>3 is measurable, and 

m (B) *» in (N|) -f* m t »N r * ) t . - . •+• m t S„ it . . , . 

Xj, The topical sum and the topical product of a tunfe or 
denumerable set of measurable sets are measurable, 

X 3, If B j,,.., B n , is a seif urnee of measurable sets unfit 
logical product B, and contains »S*,* for all mines of k . then 

m (B) ** lint m (*s*), 

& — «, 

X 4 . If Bx ami »Sj are measurable sets, and St contains S t . then 

m. (St) Ss m (Bf. 

X*. The logical sum of a finite or denumerable set of null set* 
is a null set. 

X e . If f {as) is a measurable function , so is \f{x ) }, and t//{r| 
and g {as) are measurable functions, so arc fix) »/<*»*>, and 
f (.®) I 9 a/(») + ^;/{*), where « and 0 are any real 

constants, provided these functions are writ drfimd esreept on a 
null set. 

X 7 . The various definitions of Lebesgue integration given for 
different classes of functions are Consistent, in the sense that where 
two are applicable, they yield the same value , 

X 8 . If f {as) is a measurable functiim and ff{as) is mi intmgruhlc 
function, and \f {as) \ti\g {as) | for all as, then f{x\ is intmgmble. 
In particular, all bounded measurable function* are mtmgruhle. 
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Xo. If a and {3 are real constants, and J\x) and g (x) are 
integrable, so is af(x) + /3g (.«). We have 

[ [«/(«) + (•'»)] das = ot f / (a;) da; + & [ g («•*) da\ 

J a J a J a 

Xj 0 . If f(x) is a non-negative integrable function, 

a> 

f (a:) da: > 0. 

a 

Ah corollaries, wo. hnvo for any ml.c^niblo y', 

Pl/Wlao; 

J it 


rh rf> 

/(•*) da: >. g (a;) dr; 

J a J tt 

f f {up) dtK I ^ f | /(.*») [ da: < J h - a | lim sup |./V) j . 
J <t j J a a <,**<& 


t'orf^g, 
and in general 


X u . If jy *„(«?)} is a sequence of in teg ruble functions , if 

fn (w) <fna J («) 

for every x on (a, b) with the possible exception of a null set, 
and if 

J « Um f f n (x)dx 


n ***<*> J « 


is finite, then, with the possible exception of a null set of values 
of w, the limit 

exists and is finite, and 


n 

cf> 


jf(x)dx. 


m 


As a corollary, if Sg n (ts) is a series of positive integrable 

functions, it may bo integrated term by term, in the sense 
that if 

00 rh 

~ 9nif)dx 

1 J a 
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rergos, tlu i u i i/„ (.r) e.»n verges almost *v<iv when*, <*nd 


( 2*02 ) f £ <Jn U' ) tlv ™ 1 | //„ ( .r > tU 

Thin us known as tilt' test of moiiofom- rulin' r*/en re f'<<i the t.*r*u 
wine intogmbility of h writ’s, 

X,J. If | f n (;r){ ts <r HrtjUtmft* of tut* f' 1 ' f mu-to-nx, if thrm 
esdsU an integrate function Fu) indrimuhni <fn mn-/# M«if 

!/«<•* >l< 

for all values of a: on (a, h>, */ 

/(.r) m lim/„ {.» j 

n **<Mb 

almost everywhere, then fuc) in intetj ruble, ami 
f f(ir) tlr sm Hus f f„ {.ruLr. 

In particular, F(w) may be a constant, Applying thin io*ult t* * 

mi 

series, we see that if *£ //„ is a writ** «»! uitegmhle futtrinm* 

i ‘ 

with uniformly bounded partial Hums, or with partial »mim 
uniformly dominated by an integrablo fuuet mu F n.r i, and if »t 
converges almost everywhere, then it may be integrated term 
by term, in the sense that both sides of < 2*02 i will i-utl ninl 
will have the same value. This is known its the test of tlomtmttml 
convergence for tho term- by term integmhihty of n series. «.» in 
the case whore F(tc) is eunstant, the test of himtulml 

r* 

Xi$. lff(vo) is integrable, J f(£) i/f in u continuous function 

J m 

of its upper limit of integration at, We have almmt eiy-^r to 

/m- -I j’Ao -a 

This is known as the fundamental theorem of the ralcultta. 
Another form of it assorts that 

1 r*+« 

/(f > <!*-/(*> 

* W 4 $ 

almost everywhere as « -► 0. 
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X J4 - If $ is a measurable set of points on the finite interval 
(a, b) and e is any positive quantity , then there is a set of points 
a$x, consisting of a finite number of finite intervals, and such that 
the measure of the set of points in one but not both of the sets of 
points $ and is less than e. 

Xjjj. If f (si) is integrable, and e is any positive quantity, there 
is a measurable function f% (x), assuming only a finite number of 
values , such that 

(2-03) f I/O') ~fi O’) | dx < e. 

This results from tho fact that wo may take A ho lar^o that 
(2-04.) 

J a 

and that, wo may divide the interval (— A, A) into sub-intervals 
(A n , A n , n ), ho email that for each A n 

(b — a) (A ,1 u A n ) < A e. 

If we now put 

/,(.t)» - d (f(x) <- A); J\(x) ™ A n (d„^/OXd„„); 

fi («) » A (A %f(x)); 
it will readily follow from X 3() that 

f l/*0)-~/40)l<H 

J a 

and this and (2-04) give (2 '03). 

X ie . If f (x) is integrable, and e is any positive quantity, there is 
a function f% (x), equal to a constant over each of a finite number 
of intervals which constitute collectively (a, h), and such that 

(2-05) f I/O) -ft O') ( dx < €. 

J a 

In view of X J6 , wo may annumo that/ O) taken only a finite 
number of dintinct valueH. Such a function is of the form 

N 

Y a k9k O’), 

whore each <7*0) unity over a measurable set and is else- 
where zero. Proposition X 10 shows that the integral of the 
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modulus of a sum does not. exceed tin- muii *>f the integral* <»f 
the modulus of the summands. Thus if we establish X u t. .!• the 
particular ease where /'(.rl assumes the value i .ami measu table 

act and ia elsewhere 0, we shall have established it f. a* the «/* 

,v 

and consequently for all function* ~ <40* {■• t. whieh we have 

aeon to be equivalent to establishing it fur all integral*!** hue* 
tiona. In the ease where /(*>•) assumes the value 1 < 0 n a 
measurable sot and is elsewhere 0, however, X,« tedue.* t<> X It , 
which we have asserted. 


Xi 7 . If f(x) w inteyrabtv, 

(2*0(1) lim [ \f(st + ?/) ~/(.r) j d.r - 0, 

To begin with, let be a function equal t>» a rtinsiani <*vej 
each of a finite number of intervals collectively filling to. h\, * .1 
as wo shall say from now on, let it be a Htfp fuwtum, l#«*i t ’.' ii.'i 1 
be true. By proposition X Ml such a step fund ion /*i j i w ill mist 
The function fti.se) will be of limited total variation, any T. Then, 
if r) is small enough, 

[ \M* 4* v) —ft (•**) I <l- r ** *V 

J a 

Hence 

f*~n 

(2*07) lim \f%{v + ri)~f t ix)\tt* -0. 

‘n -** 0 J a 

It follows from (2*01$) that 


\f(03 + n ) -/(a?) j d® - j/* + -/* < jr » j tL r 

J® 


< |/(« + i?> -/(*) -/* ( ® + 1 ? )+/»(<**} j tir 

* A 

< |/(» + 97)~/t(«? + i?)jote+ | j/'fa*) — iix 

J a , n 

" J !/(*)-/•(*> I *»+ |/<«r) — yi(-r)|<Ar 

< 2 j a |/(») ~/s (®) | <&» «• 2 «. 
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Thus, by (2-07), 

r th~*i 

lim \f(® + v) —f( iC ) | da ^ 2e, 

» h*» o J a 

and since € is arbitrarily small, (2 - 06) will follow. 

Let ns now turn to the definition of the Lebesgue integral 
over an infinite interval. Wo shall say that /(a) is intograble 
(or belongs to Z x ) over (— 00 , 00 ) if 

(2*08) lim [*!/(«) | <&> 

(t *-#--*» rjQ 

h "*-00 

exists as a finite quantity. We shall then write 

cm rb 

(2’09) /(a:) die— lim /’(a?) da. 

J 00* (t * 00 J a % 

b to 

Let, it be noted that a Lo.besgue integral is always an absolutely 
convergent integral. Whether (2*()8) exists or not, (2‘09) is said 

to define I /'(a) da as a Cauchy integral. 

It is a trivial remark that, if /(a) vanishes for all a outside 
(a, b), then 

roo ^ rb 

f {a) da =» f(x)da 
J -00 J a 

Propositions Xs, X#, X 10 , Xu, X 12 , Xja remain true when (a, 6) 
is replaced by (— 00 , 00 ). It is worth noting that the integration 
of series term by term is still possible under the criteria of 
monotone or of dominated convergence, bub not under that of 
bounded convergence, as a positive constant is not summable 
over (— 00 , 00 ). The definition and properties of integrals with 
one limit infinite scarcely need a separate discussion. 

If /(a) belongs to L Xy 

r a roo 

lim f (a) da = 0, lim / f(a)dx*»* 0. 

<*-#■-'00 J - CO 4 b 

With this in view, it is easy to see that Xj* still holds over 
(— 00 , co ), and as a consequence, X 16 . now becomes: 
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X w . If /(«) is integ ruble over <- jc : , » ). 

lim [ ^* r ^ 

If /(«) i a a function with complex value* hut a real Hixunioif, 
we may write it in the form /*(r)T with real /» »«»«*/»■ 

We shall then define its integral hy 

f k f{x) dst . « [ ft (a?) rf«r 4 i f fsi'i'itU, 

J a J <* " ■ 

with a similar definition in the case where n ««r /> i* infinite, *•» 
they both are infinite. 

An im portant theorem is that of Iliumnnn>l.elH*ngt»e, t< » the 
effect that : 

Xxt- i/. ’/(«) t» integruble, over oc . x ), 
lim [ f(x)e iUK drtm (), 


To establish this, let us notice that 


TOO 1 TOO 

r <«( * *\l 

/ (a?) e iuK ate *■ i /(*) 

J - 00 +* J - «C> 

e iim -e x *7 


r/jr 


1 r- 

2 J , 


[/(*>-/( 

,/x * 


r- *) *••• dLr 


so that the result follows from X 1B . 

In the proof of X w , we have tacitly used ti»§>erm| caao «f the 

following proposition. 

X*. We have 

r/m rb 

*</<?))/'<*)*’- F{*yd* t 

■If to) ’ « 

whenever/ (w) is the integral of its derivative, which is 
and F is integrable. This theorem is true over n finite or infinite 
interval. It includes the fact that F {/{#))/* {tr.) is mimmahlc. 

This is also related to : 


X^. A measwrable fwnctum of a mmmmtbk funetkm is 
measurable. Together with X e , this guarantees that all functions 
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which arise in a normal manner in operations with measurable 
functions arc measurable. Accordingly, we shall assume all 
functions occurring in this book to be measurable, unless the 
opposite is explicitly stated, and shall only prove tho measurability 
of a function arising in the course of our argument, in esiae the 
demonstration offers some real difficulty . 

Another proposition which it is as well to state explicitly is : 

X22. When applied to a continuous function, the Lebesgue inte- 
gral is identical 'with the classical Jtiemann integral. This is also 
true when the function is made up of a finite number of continuous 
pieces. 

This allows us to employ the classical integrals of the tables of 
integration. Of course, the Itiemann integral is equivalent to 
tho Lfobosguo integral over a much wider range, embracing all 
absolutely convergent integrals. However, the Riomann integral 
is of relatively little importance in tho theory of Fourier series 
and integrals, save as tho chissical definition applying to con- 
tinuous and “stop-wise continuous” functions. 

A further justification of familiar procedure is: 


Xjta. If f{x) and g (.*«) are integrals of their derivatives, 

f /(«) f («■•) dm -/(/>) g ( b) —J\a) g(w)- I g (*>)/' {m) dm. 
J a J & 


Wo now come to the integral of a function of two or more 
variables. If & is a sot of points, lot us say in two dimensions, 


tho definition and properties of JJ f (as, y) dmdy do not differ, 


mutatis mutandis , from that of the simple integral. Summability 
receives a precisely analogous definition. With the exception of 
Xj 8 and subsequent propositions, whore tho enunciation needs 
a little revision, all tho propositions so far stated are independent 
of dimensionality. 

Indeed, the relation between integration in one dimension and 
integration in a space of more than one dimension is closer than 
an analogy, and amounts to an isomorphism, or practically to an 
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identity. Let us consider the f* >lli>wing mapping of the square 
0«y<l) on the linear segment (<>«.'/- 1 >: if has 
the representation 

(2'10) ■' r X* i '2* , '3 ■ • • ’ r n * *• 

in the binary scale of notation, and y tin- represent at mu 

(2-11) '!/%</% !/z 

then z is to have the representation 


(2*1 2 ) -a*! . . . .<■„ ;/ n . . . 

obtained by alternately choosing digits from a* and y it* their 
proper order. This mapping will be one-one unions .»* . >r y >*r e 
admits a terminating binary representation other than <> or I, 
If one and only one of the two numbers .r and // wlimN sud» 
a terminating representation, the eorresponding {want <>n the 
square is the imago of two distinct points of the g him, « aeh of 
•which corresponds to a single point of tin* plane, If !»<<t h the 
numbers x and y admit ferminat-ing repri-.o-nt.-it i..n . ot h*r than 
1 or 0, {pc, y) may be the image of as many as four di*t m<*i p.min 
of the 0 -lino. In them' circumstances, the saute {mint on the 
■ 0 -line may correspond to two distinct, points in tin* plane. Tl »«•»»«• 
exceptional values of x anti y form a set. of zero measure m .»■ and 
in y, and the corresponding points of the square are of zero plane 
measure. The points of z corresponding to the exceptional values 
of x or to the exceptional values of y are likewise a sot of /,«*ro 
linear measure. Thus, with tint exception of a null tel on the 
square and a corresponding null set on the .sdine, the mapping 
given by (2*12) is one-one. 

Let B be any set of points on the square, and let £ 1st the set 
of its image-points on the 0 -lino. It may ho shown that the plane 
measure of B is equal to the linear measure of £. It is dearly 
a matter of indifference whether we count point** with muMiph 
images once, a number of times equal to their multiplicity, or 
not at all, since they form a null set as well as do their images, 
and do not contribute either to the measure of B or to that of £„ 

We may write the mapping indicated by <2*10 -12) in the form 

(2T3) w*«x(z), y — y (*). 
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The functions x (z) and y (z) will, however, not bo continuous, 
as we car^ see by considering terminating values of z such as 
T **0111 — Here x (z) has the single value T = *01111..., but 
y (z) assumes the two values 0 and Till... = 1. If z is a non- 
terminating binary number slightly smaller than *1 , y(z) will be 
close to 1, while if z is a non-terminating binary slightly greater 
than T, y(z) will bo close to 0. On the other hand, x(z) and 
y(z) will be continuous at every value of z which has not a ter- 
minating binary representation. 

There are, however, pairs of continuous functions x (z) and y(z) 
which generate the same mapping of measure as do the functions 
of(2*13). Examples of such functions have been given by Peano*, 
in connection with his space-filling curves. In exactly the same 
way, it is possible to find three continuous functions a; (?i), y («)> 
and z(u ), which map the segment 0 <: u-% 1 on the cube- 0 1, 

0 «//<!, 0 -c: 1, with preservation of measure, and so for any 

finite or oven infinite f number of dimensions. Under such a 
mapping, the two-dimensional or higher integral is the precise 
translation of the integral in a single dimension. In the cast 1 of 
two dimensions, for example, 

f f /(«» >/) dxdy « I f(ut (*), y (z)) dz , 

in the sense that when either exists as a Lebesgue integral, the 
other exists and assumes the same value. Thus no property of 
the Lebesgue integral not explicitly involving a specified number 
of dimensions in its enunciation is restricted to integrals in any 
particular number of dimensions. This is also true over an 
infinite range of integration. 

There are, however, propositions concerning integration in 
space of more than one dimension which are essentially new, and 
which concern the relations between integrals of different dimen- 
sionality. Perhaps the most, convenient way to state them is to 
regard all integrals its integrals over an infinite range, and to 

* CurvOH of this sort turn (UhouhhikI and ropntmmtflci In Ilobmns, Theory of tht 
Function,* of a Heal Variable , vol. i, 

t Cf. Winner 1. {Citations in thin form refer to the Bibliography.) 
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avoid any restriction of tin* region of integral ion by i li. * insert ton 
of an integrand 0 everywhere outside the span tied finite range. 
It will bo remembered that all our integrals are by defiuu joti 
absolutely convergent. 

A particular theorem ol’ this type is: 


X M . If J' {a;, y) is su mumble., in (.r, //). then it is summnhle in 
a; for almost all y, and if P represents the entire ( .r. y j pi, me, 

J y} ‘tody => J dy j / ( r, y t dr. 


Xss. If f(w, y) is meamirahlts, if j fir, y >j p(r, y t f*r ail 
arguments, and if any one of these three integrals 


[['/’ (r, y) dr dy, 

It * o cm 

l^dj/ I P{r, y) tLr, 


rm m» 

dot' j P ( or, y > d y 
J *■ m J m 


exists, then all the following integrals exist, ami are t tfoniuutl : 


jj^yydr-dy, 

r» Cm 

I <iy I fin -, !/ ) dr, 

J - <** J - m 

fm rm 

j <1* } / V. y ) dy, 

■J o J m 

We now introduce the claaw of functions l t , uonnistmg of «I1 
measurable functions f (jo) for which 

r i/c«?)i*flto< 

*/ a 

Let it be noted that if (a, 6) is a finite range, /,„ may readily be 
shown to include £*, as if J/(«r>| is large, |/<,)|« i* eve,, larger. 
On an infinite range this is no longer true, since »*, integral 
over an infinite range can be large either in virtue of the f.«v* n,,< 
°f the integrand over a finite region, or of the alow decrease of 
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the integrand over an infinite region. There is no relation of 
inclusion between Lx and L z over (— 00,00 ). It is also not true 
that the proposition, is summable,” implies, “ f belongs 

to L% since it does not even imply that f is measurable. 

One of the most important theorems of analysis is that of the 
Schwarz inequality. This asserts: 

X 20 - If f{x) and g (x) belong to L%,f(as) g (x) belongs to Lx, and 

(2*14) [J ft | f(x) g (x) j dx J <; jj f(x ) | 2 dm | g («)| a dx. 

To establish this, let us first notice that J'(x) g (a.) is measurable, 

aiul that . , „ 

2\f(x)g(x)\^\f(x)\^+\g(x)^. 

Thus f(x) g (x) is less in modulus than a summable function, 
and is summable. Ifrom this it follows that 

1 1 /(«')( 4-X|y(^|P 

in Hummable, which j^iven uh 

0< [ f I /(«;)| 4- x \<J (x) \ } a dx 
J a 

— f I /(«0| a da; 4 - 2X [ | f (a?) g (.r)| dx ■ \ X a f j g (»-)| a dx. 

J a J < % J a 

This is thus a definite quadratic polynomial in X, and its dis- 
criminant cannot be positive. This discriminant, is, however, 

4 { [1« dx J ~ \u 0 ) 1 * dx j- , 

and (2*14) is established. Of course, (a, b) need not be finite. 

Lot it be noted that an exactly similar argument will show 

00 00 m 

that if ii |« yi a | and — |& n a | converge, X \a n b n \ converges, and 

m 00 00 

S KM} <S 2 M 2 

'The Schwarz ine<piality is a particular cose of a more general 
inequality — that of Holder*. Though we shall not. use the 

* This proof hero given in that whioh Hardy {Journal London Math. Site. 4 
{67 -OH), 6 (HO)) atlrihut<<:i to Idtthiwoori and F. ItioHss ( Hollettino it ell’ Ihtione Mat. 
Italiana, 7 (192B), 77-79). 
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Holder inequality in the present book, wo shall state it and prove 
it for the sake of completeness. 

x 28 '. If P>1 and 1/p + 1/q - 1> < md if j a 1/ <**>!'' d:r and 
P 1 9 0 »)| q dx are finite, then J f (0)9 ("0 exists, and 


(2-15) 

f /0») 7 («) 

J » 






i/;' 


* ri> 

1.7 (*r)| v 

J it 


(hr 


i/v 


There is no real restriction in (2*15) if wo take f and <7 
positive, and suppose 

( 2 - 16 ) f [/Os)]* dos^l, f I >(*)]» 

J cr, J « 


We then must show that 

P/c>*<*> L 

J a 

For this we need a lemma to the effect that if « and 0 ant 
non-negative and 0 <X, < 1 , then 

(2-17) a*0 1 ~ K < Xa + (1 — X) 0. 

We may assume without restriction that a.^0, and, an a **** 0 ih 
trivial, that a > 0. Since (2-17) is homogeneous, wo may take 
0 — 1. Proposition (2*17) then becomes 

(2-18) a K 1 + ^ (« — 1 >* 

However, by Taylor’s theorem with remainder, 

a K = [1 + (a — l)] x = 1+ X. (a - 1) + ^ 2 ^ 0 (ct — 1)*, 


where 0 lies between 0 and 1 . As 0 <£ 1 > (2*18) results 

immediately. 

It follows from (2*17) that 

/(<*) 9 <«) « C / ( a? )] p + 1 f> (^)3 , > 

and hence by (2*16) that 

jVo) .7 («) | - 


1 . 
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This establishes Xae'. It will be noted that the range (a, b) may 
be finite or infinite. 

If we put p = q = 2, the Holder inequality reduces to the 
Schwarz inequality. 

Another general inequality is that of Minkowski*. This 
asserts : 

X 2 7 - Let p >1, and let | f (&)\ p and \g (cc)\ p belong to L. Then 
|/(«) + g (a?)|* belongs to L, and 

(219) I/M l/WI'}’*’ + {£ I* 

Here the sign of equality is only to be taken if there is a p such 
that f (x) — gg (x) almost everywhere. 

Here we need the inequality that if 0 < A, < I, a > 0, p > 1, 
then 

(2-20) (1 + X(a-l)}«><l+X(aP — 1). 

To prove (2'20), let us notice that if A, — 0 or A, = 1, the two 
sides of (2'20) are identical. Let us consider the first and second 
derivatives of the expression 

<T> (A,) = 1 + X (a*> — 1) - {1 + A (a — 1)}p. 

These arc 

<P' (A) = «p - 1 - p {1 + X (a- 1 )}*-* (a - 1), 
and <P" (A) = —p(p — l) (a — l) 2 {I + A. (a — 1)}p~ 2 . 

We see that <t>" (A.) is negative over (0, 1). Thus <3> (A.) is concave 
downward over (0, 1), and vanishes at 0 and 1, from which it 
resTilts that <t> (A.) > 0 over the interval in question. This is 
however equivalent to (2-20). 

Let us note that unless a — 1, <3>" (A.) is properly positive, and 
the sign of equality in (2 - 20) is only possible for A. <= 0 or A. — 1. 

From (2-20) we readily deduce that if 0 < A < 1, <f> > 0, ^ ^ 0, 
p > 1, then 

{\<h +(1 -A) a/t} p ^ X<fyP -4- (1 — A) ^r p , 

* Hardy (Zoc. cit.) giveB a reduction, due to F. Biesz, of the Minkowski in- 
equality to the Holder inequality. 
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with equality only when X- 0 or 1 or * - Thu* »** ‘*'" r <*i. /*) 
0 (as) > 0 , ir (as) > 0 , and if 0 X. < l, j>> 1 . 

[* [cf> (a)] *> t lx - f | yfr (.r ) I'* d.r ». I. 

we obtain f |X<£ («) + (, 1 «. 1. 

•J a 

Thus . , , 

(2-2i) -IT {X<£ («) + (1 — X) (.<•>;>’ /Lj- * X #il X* 

0 1/|> ( | & . , , * ^ 
j [X<£ (*)]* cfcrj- + -JJ I ( i - x > yfr i .r l }>‘ d.t } . 

Now let <j> (as) «• 1 /'(«)! j },/ 1 *** > I ** ’ | 

ir (as) = |// («j)| j | £ \<J (*^>1^ *t<r\ i 

1 + £|flr(*)l* , ^/j* l/M* * *; 

ineu 

/ C r f 6 j i» , , , ■ *\ 

X<£ (as) - |/<*)|/ 1 h |/<«d|» it* J > ! ( fl If/ < •*■ *1 r 

(l-x)^(as) = |y(a-')l/|| ,P f j # I.'/ (•' »]**«/» * 

If we substitute these values in ( 2 * 21 ), ami romem 1 *er that < 2 th) 
is homogeneous in f and <7, we obtain (2*10). It will In- <«****» that 
the sign of equality in ( 2 * 19 ) is only possible when r /(*r » <1 nr 

g (as) s 0 or <j!» (as) = ^ (as), tins identity being inn « pj* ,J • . 1 tw 
identity almost everywhere. In each such case there i* n ft, »tn*f» 
that y (as) = fxg (as) almost everywhere. 

We shall only use in this book that particular cnw of the 
Minkowski inequality for which p ** 2. This reads : 

X*/. If f{a) and g (a) belong to L%, m dam /(*r) </(/). and 

(2-22) 

{j« + 9 r + 1 r i// 

We may prove this directly with somewhat simpler argument ■* 
than we have used in the case of X#?. Let u» notice that both 
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sides of (2*22) may be squared without affecting its validity. If 
we remove; terms common to both sides, (2 - 22) is equivalent to 

(2'2.‘i) 2 It J f(x)g(x)dx<, 2 jj J \g («)| a <&t?j- , 

where the bar over a symbol is used here, as always in thin book, 
for the conjugate complex quantity. However, we know that 

K [ f(x) g (x) dx < I [ f(x) g (x) dx < j \f(x)g(x)\dx, 

J a I J a ‘ o. 

so that (2'23) is an immediate consequence of (2*14). Here too 

the interval {a, b) may be infinite, and here too the analogous 

00 CO 

proposition m true, that if U |a n 2 | and |/> n 2 | converge, bo aooH 
- |(«n + &») 2 |, and 



When the infinite series are replaced by finite sums and the a’s 
and b'n are real, this proposition merely asserts that no side of a 
triangle can exceed in length the sum of the remaining two sides. 

Proposition Xie asserted that it is possible to approximate to 
any function <ff L\ by a step-function. The corresponding pro- 
position is true of a function of A*. To sue this we need first: 

Xaa. Tf f(x) belongs to L% over (—00,00) 

reo 

lim | f A (x) —/(«)| a dx — 0. 

J - 00 

This may he proved by dominated convergence, inasmuch as 
\/a ( m ) 1 2 tends to zero for every x outside a certain null 

set, and is nowhere greater than \ f(x)\*. 

If we put 

Af(' T ') =/0) (M< A); **G (| xj^A), 

a trivial theorem is 

Xw Kff( x ) belongs to L%, 

f 00 

lim |^/(«;)-/(a?)| s d«-0. 

A -+> 00 J ™ 00 
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If wo combine this with th«* Mtnk.m*kt m.ipmhty, we get 


lint 1 4/4^} / u * i* *ix ~ «>. 

We have already shown in X w that there m a step fnjmtmu 
ft (a?) such that 

[ m U/*4 <*)“/*<•*'» I t,ir w r * 

J -4ft 

and we can clearly take }/*<*» > 1 < d. 

~/«(ic)j a ^ < 2/1 I U/j'-'O /»<.» >! •t-* iM«, 

J *00 ** ,f ‘ 

so that if 7; > 0, wo may first choose A w* huge that 

fm 

1 I*/*!***) * i»/. 

J *«0 

and then determine a Htop-fuJirtion/*l.r), »mh that 

f < jo 

J —OO 

Then, by the Minkowski inequality, 

ffiij 

(2-24) f < 0 


We have thus proved 

Xgo. If f(s) belongs to 1*%, anti g > 0, #A*»*r vrtsts a step- 
function ft (co) for which (2 24) is triw. 

We may now prove the following pro{KMtit!»n in n manner 
quite analogous to that in which wo proved X,? 

Xsj. If f(«>) belongs to /,*, 

res 

lim I \f(w+r}) - /(<r)j*rfjr ** 0 , 

Another idea which we need to introduce m a working tool 
is that of the Stieltjes integral. We shall not need the mm* 
plete theory of the Lebesgue-S titd tjtw integral, hut nhnll 1 st able 

to confine our attention to the more «-t* m. m in .Stieltjes 
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integral analogous to that of Riemann. If f(x) is a uniformly 
continuous function over (a, b ) and g (go) a function of limited 

r ft 

total variation, wo define f(x)dg(%)&& 

J a 

lim 2/(&) [g Otm) ~ 9 («*)]> 
whore a — xo <%<...< x n ~b', as* < & ^ i> 
and the limit is taken as the maximum of the quantities 

tends to zero by repeated subdivision of the interval (a, b). This 
definition yields an integral independent of the choice of the 
quantities x k and and the particular method of procedure 
to the limit. Important theorems which we shall use without 
proof are. : 

X 9i , Iff (as) is a continuous function with maximum modulus 
F, and g(x) is a function of limited total variation V over (a, b), 
then 

I /(»•) dg (a;) %FV. 

J a 

Xaa. If gif) of limited total variation, and the integral of 
its derivative, and f (as) is continuous, 

[*/(*) d o (®) - f w /(«) dg ( i^ dx ' 

Xjd. If (a;) is any monotone continuous function of x, and f 
and g are as in the definition of a idtidtges integral , 
r*t» 0) rh 

I f( a; ) ff (&) “ I J (4* ( A *)) d 9 (4* )* 

J <f> (a) J tt 

Xas- Iff (x) is continuous , and g (:r) is a step-function, then 

f'f(x) dg (a) » 2/(a») \g (x n + 0) - g (a: n - ())], 

where the points x n are the points of discontinuity of g (x) over 
the closed interval (a, b), taking g (a — 0) =* g (a ) ; g(b + 0)^g (6). 
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X39. If fix) is the integral of it * derivative and g 1 .r » m «/ 

limited total variation , 

[*/(*) dg (x) » f(b) g (b) ~ /(« )'/?<*> - J ;/ > f' M >t>, 

Xa?. If <f>(s) t# continuous over (a. />>, »>* 7 ( .r 1 >s <*/ hunted 
variation over (c, d), and if a{a\ s) is cut in m<us in .r fur ,,U 
values of sin (a, b), and of uniformly hunted variation tn s for 
all values of x in ( c , d), then the integrals 


m ft ** ft* "<1 

<f> (s) d,a (as, s) dy (it), J $ (*> f ft J a i * * *h * •»' 


exist and are equal *. 

If we make use of the principle tlmt whenever Pi t , */ 1 in an 
increasing function of % for awry g, him! an mrri-iwiiiK 
of y for every as, 

lim lim F(a, y) ** lim lim Fu r. ,y> -*• lim Ft.*-, y), 

£B -*-00 $f "*#* flD J t H#> 

in the sense that whenever one of them* limit* exit*!*, the < altera 
exist and have the same value, and if we jut* m u definition 

p 00 r ft 

f («) dg (as) lim j fuddg t,« 1, 

J —CO « ** <*« « " 

ft 4 * ck* 

then we may deduce as a corollary of X w ; 


X 3 8. Let the hypothesis of X»r /or every finite interval 
(0, <#). Xetf a (tc, s) 6 e monotone trie ran sing in n for alt x. let tfa 6# 
non-negative, and let y(x) be man atom increasing. Then if either 

of the integrals 


*00 I 

[[ 

J *00 

LJ 


rb ** f ft # ^ 

I * («) («* ») dy (»). 4> (*) «(x, *) 1/7 ttf) 

- a Jl J 0 # **« 


exists as a finite number, the other will omul and wilt have the 

same value . 


* For X„ and ita pradsoewoni, «m» Bmy i, IHunbll i. 
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Another theorem of a similar nature is 

X 39 . Let [f n (a.*)} he a monotone increasing sequence of con- 
tinuous functions , and let g (x) he a monotone function. Let 

C CO 

fn (x) dg (a?) exist for every n, and let 
J - 00 * 

r co 

lim f n (a?) dg (a;) = I < 00 . 

J —00* 

Let f(x) = lim (a;) eaa,st everywhere and he continuous. Then * 

I = f /(a?) dg (x). 

J -00 

§ 3. The Riesz-Fischer Theorem. 

We now come to the most important of the preliminary 
theorems of the hook : the 1 famous theorem of F. Hum and 

15. Fischer -f-. In its original form, translated into the complex, 

00 

it asserts that if 55 |u n a | converges, then there exists a function 
- 00 

f(x), defined over (— 7 r, 7 r), and belonging to L%, such that 

lim f f (a;) — 55 a&e*** dx — 0. 

However, this association of the theorem with a development, 
in terms of a particular sot of functions, or oven with any 
development whatever, is not essential. The gist of the theorem 
lies in the form given to it by H. WeylJ. This asserts that : 

X 40 . Given a sequence f f n (»)} of functions of L% on an interval 
(a, b ) (or (— 00 , 00 )), for which 

(3 01) lim [ | f m (a?) — f n (x) j* dx *» 0, 

there exists a function f(x) belonging to L%, such that § 

(3*02) lim f b | f n (x) - f(x ) | a dx = 0. 

n ~—ac3 J a 

* Of. Danloll 1, p. 2B9, 7(6). + Of. Itfeaz 1 ; Fincher 1. 

J W«yl 1; Planehcrol 1 (p. 292). 

§ The converse tmnaition from (H-02) to (B-01) followH direotly from the 
Minkowski inequality. 
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, « r nt Tu be the logical * um ,s * * ^ * ’* * *“• 

tLh ' except on 7», Which will hoc « .«—«-• ..... -v d,,,g 

e„ we shall have 


(3*04) 


j < r fi 


for all l and » not l«« th«» <• 1,, * w, ' v, ' r ' 

*#* 

lim 

% k 

wo see that by Uaucl.ya fat. /., .v,t K . w ... a In,,,. /Ul 

uniformly on the complementary «"t >'f »<•> '*• "" ,l I"'""; “ 
converge except over the not T ■>» »"» '* 

“The'fnncti’on/aW » li,ml ‘ ,f “““‘"“'J" 

fnnctioiiH («.(.), and in hone- .......... ,Ha Mor-.v,. by 

bounded convergence, 

')/.«- </«>-* («> i* rf * - j™ j.,’ 1 'a I ' I - < A. '4 <■' I ,* dw 

a 


« 2 /i s *, + - « i 

A 


,*> 11 

.1 


since (3*04) holds except on 2*. and 
Thus 

(3*05) l»n f {/*{*>-</•>)*<'> ** u ~ () * 

and in view of (2*03) and tho Minkowski ite -tnalttv. (3*01) 
gives ns 

( 3 - 06 ) lim [ 

n "*»* o ^ # 

lim f* i A* (*> -/«* <*) i* - <*■ 

m , *-»oo Ja * 


since 


and hence 


lim f | (/»)* (#> - </«*>4 (*> •*<**- °* 
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By (3*05) and the Minkowski inequality, 

(30*) lim f | f A (x) | dx - f 6 j {f n ) A (x) j* dx 1 = 0. 
^~^oo L J a J a 


Hence 


[ I J'a O) | 8 < lim [ | (/»)* O) | 2 ^ ^ 1 i m f I /« O) ! 8 ^ 

J « n-^oo J a h-*-oo */ a 


However, as in (3-07), 


(3-071) lim |/*»(«)|*<fc>. 

m, n~*~oo U a 

and by Cauchy's criterion, 


f |/«(*)|*d® *=0, 

J a _ 


(3-072) 




lim |/ n (*)|*flto -A 


exists and is finite. Thus 


(8-08) / I/. (*)|* *></., 

J a 

and as \f A (x)\ i is an increstsing function of A , 

lim f|/* («)| *<&>-/< A 
oo J a 

existH. Thus by Xu, since |y'^ (a-)| 3 converges monotonoly to 

i/(®)i*> 

f 1/0)1* ** J ^ X, 

J a 

and / (a?) belongs to X a . Hence 

f I/O) -/«0)l*&» 

J a 

exists, and, again by Xu, 

lim f \f(x)-f A (x)[*dx = 0. 

oo J a 

Thus by (3-0(1) we may choose A so large, and then n so large, 
that by the Minkowski inequality, 


f I/O) - (fnh 0)1* <*» < «• 

Ja 


(3-09) 
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On the other hand, let m he mu large that, for n > m, 
f (/,» (*>-) — /» pr)|* tU •, <r. 

By (2-015) we ahull have, for any A . 

f U/m\* !***>“ ' *■ 

J a 

Let A be ho large that 

f |./m <•*) - (/ml* f*r )|* »k* *. 

J & 

By the Minkowski inequality, if « > »>, 

f |/» («■) - (/« >4 

J<* 

and by (3*09) wo may chonae A so large, and then n ho large 
that 

(3-10) f |/a (*)-/< J->|*^<. thr. 

* & 

Hero .A does not appear. Formula (3 10) however immediately 
leads to (3*02), and the Rios/- Fischer theorem »* eMiahtishcd in 
the ease whore (a, 6) in finite. 

When tho interval is (— tc , jo ), tin* .ngum* e«iahh«hen the 
existence of a function /(j*) belonging ?»• /,# uvit any finite 
interval, and the limit in the mean of/* (x ) over any »ueh interval. 
However, tho argument of (3 071), (3 07*2) i« vain l over the in* 
finite interval. Thus, over any finite interval, 

rh fm* 

< •*«* | 

J# !«<#*«»/ *>m 

from which it appears that f{it) Isdtmgs to over <— y , » X 
We have 

J -00 J ■ <*« 

whenever <fc and ^ belong to L, over {— vo , ue ), ami if we repines 
Zt and (f m )j by .*/ and A (/ m ) in the argument «3-0H» (310), 
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we shall establish the Kiosz-Fischer theorem in the infinite ease. 
It is clear that if <f> belongs to X a . 

TOO 

1 <f> O) - <t>A 00 | 2 0 , 

J — oo 


as the integral is merely 

fOO 

| cf> (x) ] 2 dec — I \cf> (x) | 2 dx, 

J -00 j - yl 

which tends to zero with increasing A by the definition of an 
infinite integral. The rest of the argument is entirely unaltered. 

We have thus proved the Riosz- Fischer theorem. Incidentally 
wo have shown that if‘f(x) = 1. i. m./' n (x), f (x) is almost (ivory- 

It <X> 

where the limit of a subsequence of f n (.«). This establishes: 
X«. If 1 . i. m ./(at) *=/(«?), 

n •►-oa 

almost everywhere 

hm f n (x) = y (at), 

)t t'X I 


then f(x) — g (x) almost every where. 

Proposition X41 clearly remains true for limits in tins mean 
with a continuously varying parameter, and for other limits than 
oo for n. A direct corollary of the .Schwarz inequality is: 

X« a . If 1 . i- tn. f n (at) «/ (a*) 

n-^-oo 


over {a, b) and g (x) belongs to 1 % over (a, b), then 
j fn («) g (*) <&!-► J/(<c) (a?) c&c. 


For 


[/« (*•) -/(« ; )] o («*•) <&> « f [/» («) -/(*)]* ^ f in (*)? 

y d J[ **' » •/ a 


and consequently tends to 0. 

Another theorem resulting from the proof of X40 is: 

X 42 . If the f unctions of the sequence f n (x) are all increasing 
functions of x, and 

Li. tn. /»(*)—/(«), 

then f(x) differs from a monotone increasing function at most over 
a null set. For except over such a set, f(x) is the limit of a 


win 


s 
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sequonce of monotone functions, and is hence monotone in- 
creasing. It results that the* values of /on thus obtained have 
a greatest lower hound for argument.*, to th<* left of .rand a leant 
upper bound for arguments to the right *<i x, It we end these 
<f> (x - 0) and $ (a? + 0) respectively, and define « pix} at any point 
as $ (<f> (x ~ Q) + <f> (x + 0)), 4> (•'•) will he monotone increasing, 
and will only differ from fU') over a null set. 


§4. Developments in Orthogonal Function.-;. 

A sot of complex functions | <£„(.'•)} of the real variable x is 
said to bo orthogonal over the interval to. h \ or < r , t ) if all 
the functions of the set, belong to A*. and 


(4-01) J <p m (x) (p n (x)(U - 0, iw 1 ?o 

the integral being taken over the appropriate microti, fin this 
section wo shall not indicate the interval of integration, which 
will bo the same throughout, ami shall even write f*»»- simplicity 
such an integral as (4*01) as /<£„, <i»> ■ ! A function «/».,<*») is Haiti 
to be normal if /| $„j 8 «* 1, and if all the fnnet ion* of an ortho- 
gonal set are normal, tin* set will be Haiti to be normal. < dearly 
if {<f>„(x)} is normal, {<£» (tf)j is also normal, 

It will be remembered that we have shown that n segment of 
a line may be mapped upon a square nr cuts- or indeed iijmii a 
hypercube of any finite number of dimensions, m sueh a way 
that one-dimensional measure is mapped into measure in the 
appropriate number of dimensions. It follows that u set 8 of 
finite measure in any number of dimensions may 1 m» mapped 
on a linear segment with preservation of measure. If /(/*) is 
a function defined for all points l* of »S*. and x is the rorreajmnding 
point of the segment (0, 1) to P under the mapping in .pi* ,ti<<u, 
/(P) will generate a function F(<r), with the projK'rly that 
F («) a= /(P). Now let (P)J be a normal set of functions over 
8, in the sense that 


j/M-n 



{ m 4 * « | 

[»» «*• n j * 
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whore d V is the element of volume in a space of the number of 
dimensions of#. If <!>„,(&•) corresponds to <f> n (P) as P (a?) does 
to f(P), we shall have 




Thus the entire theory of normal sots in a space of any number 
of dimensions is a mere translation of the theory of normal sets 
over an interval, and the results of this section may be im- 
mediately applied without restriction as to the numbers of 
dimensions. There is no difficulty in extending the theory to 
the case where # is measurable in any finite region, but is not 
finite. The theory of normal sets of functions over such a region 
is equivalent to the theory of normal sots over (— 00 , 00 ), which 
again does not differ essentially from the theory of normal sets 
over a finite interval. 

We return to the one-dimensional ease. Let /'(■>') belong to 
L-z, and let (.-/-•), . .. , cj> n (w) he a finite normal set. Then we wish 
to establish : 


X 


4;t- 


The quadratic pol ynomial 



n 

(a?) 


* 

dx 


assumes its minimum value — which will be a proper minimum — 
for 

(4-02) aie 

To see this, let us notice that 

(4-03) / |/~ 2 a k <f> k | 4 -/(/- So* **)(/- 

=/ I f I 2 - s <**//<£* - + ZaA 

-/I/I’-SI/AI' + S K— 

The last; term is the only one in the last line which contains an 
«*, and is non-negative, being a minimum only when it is zero 
and (4‘02) holds. 

We have incidentally established: 

X 44 . (4'04) J|/ a |^s||/^ * 
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since (4*01) is positive, ami si nee when i 4 02 > holds it reduce* to 

/|/| 3 ~~ | 

Now let f{r) belong to /, 3 , anil let [>}■„{.*) be a d. numerable 
infinite normal Hot. It. follows from X u , applied t . » nuv finite 
subset, that 

Xdfl. j|y i a .*x | ./ '/’i 

Thin is known as the I Inaxel inequality. 

* * fj|r t 

Now let \<f) n (a:)j be n denumerable normal »«i, mid let iC |«»j* 

converge. If we put 1 

** 

/«(■*•) * • Xu* </> * u ). 

1 

and m >//, we have 

f m 

| l/w " /ni 9 ” X !'d I 

We may verily this by carrying out the intimated integral iott,and 
remembering that in 0 or 1 according as ; and l are distinct 
or identical. Hence 

hut /! f m /,.|* o. 

m, n >*»*#. 

and by X 40 , we. obtain : 

X-M. There exists a function f(x\ M mutiny /. Sj ,*„»/ muh that 

lim /!/« /|* »0. 

We have already introduced the notation 

/{«)*! i,m./„ (.»•>, 

but wo shall also find the equivalent notation 

m 

convenient. Of course, this notation does nut imply the eon* 
vergonce of the infinite sum in the ordinary m-nan. 

We thus obtain: 

X*7. If f (a) belongs to L%, and » an dm ntntmthhp normal 
set, then there eadsts a function 

m * 

9 («) ~/<‘») (*)J /'{•*■) 4* n {j ) dx 
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belonging to 1%. Moreover, 

(4*05 ) J g (x) <f> n {x ) dx — 0 

for every n. 


An immediate corollary is: 

X^a- If [<p n ] is a denumerable normal set, the fallowing two 
statements are equivalent : (1) If f{x) belongs to 1%, 


(4*055) 


/(* 0 ~ ~<£ 


■wj/ 


(a;) <p n (x) dx, 


and (2) there exists no function g(x) not equivalent to 0 for which 
(4*05) is true . 

In case cither of the propositions of X 4H is valid, \<f> n } is said 
to be closed or complete. It; follows from X 4;( that: 


X49. The denumerable normal set {4>n\ is complete when and 
only when, whenever f (a:) belongs to Lz and e >0, there exists an 

A 

integer N and a -polynomial "£a k <£* ( a: )> such that 


dx < 


(4*00) f f(x) - Xa* (p k (x) 

J 1 

Hero wo have only to remember that by X«, 

w r- 

f(x)~Z< h(*)jf<h dx < e. 


An oven loss restrictive condition for completeness is given by : 

X 80 - The denumerable normal set {<£*} is complete when and 
mdy when, whenever f (x) is a step-function belonging to It and 
e >0, there exists an integer JST and a polynomial Xa^cfn, (x) such 
that (4*06) holds. This follows at onco from X 4tf , X 3 o, and tho 
Minkowski inequality. 

By tho definition of closure, X^, and (4*08), we obtain the 
II unvitiK- Parse val theorem : 


X 01 . If [<f ) n J is a complete denumerable normal set, and f 
belongs to 1%, then 


'|/Wl*rf*-i| | /■?» 
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It immediately results that if f(x) and g (x) belong to Z 2 , 


(A) f\f(x) + g(x)\ 2 dx=S^ 

f/fa + j 

' _ 2 
gfa 

(B) | \f(x)-g(x)\ i dx='Z 

jf<f>n — 

gfa 

1 (C) ^\f(x)+ig(x)\ z dx=^ 

jffa + i 

\ i fa | 

(D) ^\f(x)-ig(x)\*dx=% 

< 

(/' fa ~ i J 

r _ 12 

'gfa | • 


If we now perform the symbolic multiplication 

\_(A)-(B) + i(G)-i(D)y4 i , 

we obtain 

(4r07) j/ (x) g (fa dx = X jffa Jfffa' 

The Parseval theorem asserts : 

x 52 . If { fa } is a complete denumerable normal set, and f and 
g belong to L%, (4'07) holds. 

There is an interesting process known as normalization, by 
which it is possible to obtain a normal set of functions out of 
every finite or denumerable set of functions of X 2 . Let {yfr n (a?)} 
be such a set, all having the same finite or infinite interval of 
definition. Let us consider fa (as). If it is equivalent to 0, we 
discard it; otherwise we put 

(4-08) fa (x) = fa (x)/(J\ fa\*)k 

If we have discarded fa (x), we proceed until we reach a function 
fa not equivalent to 0, and replace fa by fa in (4'08). Having 
obtained fa, we proceed along the fas until we find the first 
one not equivalent to any function of the form a fa. If this is, 
for example, fa (x), we put 

fa (fa = (fa (fa - fa (x) ffa fa)/ {f\fa\* - Ufafal 2 }^ 

We now eliminate all functions equivalent to some afa+bfa 
and if, say, fa is the first remaining function, we put 

fa (fa — {(^3 (fa — fa (fa ffa fa - fa (fa 5 fa fa)\/{f\fa\ 2 

— 1/^3 fa\ Z — \ffa 
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and so on. It may be verified by direct integration that the set 
{<f> n } is normal, and that every function which can be approxi- 
mated in the mean i 2 by polynomials in fan] may be so 
approximated by polynomials in and vice versa, since every 
polynomial in the one is in fact equivalent to a polynomial in the 
other. Combining this fact with X 47 , X 48 , and X 49 , we obtain: 

X 53 . If {^ n } is any denumerable set of L%, the following two 
propositions are equivalent: ( 1 ) There exists no function g (x) 
of X 2j such that 

J g O) O) dx = 0 

for every n; (2) If fix) belongs to L% and e >0, there exists an 
integer JV" and a polynomial 

JV 

%a k y}r k (x), 

1 

fi. N 

such that J f (x) — 2 a k T]r k (x) dx < - 

If either of these statements is true, we shall say that {-n/t*} is 
complete or closed. 

Many interesting normal sets of functions are obtained by the 
process of normalization applied to sequences of elementary 
functions. Cases in point are : 

(1) \jr n ( x ) = x n (n = 0, 1, . . .). Interval of integration (— 1, 1). 
The <f> n (x) are (apart from constant factors) the Legendre poly- 
nomials P n (x). 

(2) -^r n (x) = x n e~ xi l 2 (n = 0, 1, ...). Interval of integration 
(— 00 , 00 ). The tf> n (x) are (apart from constant factors) the 
Hermite functions H n (x) e - * 2 / 2 , where the functions H n (x) 
are the Hermite polynomials. 

(3) tyn 0*0 = x n e~ x (n —0, 1, ...). Interval of integration (0 , 00 ). 
The 4> n (x) are (apart from constant factors) the Laguerre functions 
L n (x) where the functions L n (x) are the Laguerre polynomials. 

The exercise of computing the first few functions of each of 
these normal sequences is left to the reader. 
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A particularly important normal sequence is the sequence 

_ jL (n — . . . , — 2, I, 0, 1, 2, 

V2-TT 

where the interval of integration is (- nr, nr). The fact that the 
quantity n has a range extending to infinity in both directions 
introduces no real complication. The formal equivalent of (4‘055) 
ip now 

( 4 - 09 ) / (a) ~ 2 ^ ^ & inx e ~ iny d y> 

which is to be interpreted as meaning that 

1. i. m. (/ («) - _l ~ [_/ (2 /) e ~ iny d v) = °- 

We wish to prove that (4-09) is true for every function /(«) 
belonging to L%. The series of (4'09) is known as the Fourier 
series of /(*), and we wish to prove that the Fourier series of 
any function of X 2 not merely converges in the mean, hut 
converges in the mean to that particular f unction. 

To this end, let us consider the series 


(4-io) 2 ^ e in * f /(y) e ~ iny d v- 

— OO “TT J — TV 


T his series converges uniformly in x and absolutely for any r such 
that j r J < 1. To see this, let us notice that, if m > n > 0, 

I r W frr 

■> i7cx f (y) e~ lky dy 
J ~-r r 

r 2l*| 


m 1-ri 
2 + 2 
L«+l — m 

(“ m 


2 nr 


f / (y) e~ ik v dy 

J — 7 T 

fir 2 v\ U \ 


i-» 
<2 + 2 
L n+1 —m 


12 

m 

1— nl 


2 + 

2 

1 


— 


in view of the appropriate form of the Schwarzs inequality and of 
X44. Thus 


, fir 

lim -1 2 9 * ikx f (y) 

ao m J - -tt 


dy 


\f(y)V d y litn 

00 


r l ft I f rr 

_ J(y)e~uv dy 

2 r |wi 2r l,l l 

q _ ? .lml d" j 


0, 
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and the absolute and uniform convergence of (4T0) is demon- 
strated. 

Formally, we may write (4T0) as 



The series 2 r lnl e in {x ~ y) 


converges absolutely and uniformly for \r\< 1, since it is a 
geometric progression, and is equal to 


00 00 

1 4 - ^ r n e in (x—y) + 2 r n (x-y) 

1 1 

{x—y) Yg—i (x—y) 

= 1+^ 77rrrr + 


ve i < ~ x ~y ) 
1 -r 2 


\ — re —i{x—y) 


We have 


1 — 2 r cos (a? — y) 4- r 2 ’ 

1 — r 2 1 — r 


f 1 — 2r cos {x — y) + r 2 1 : 1 + r " 

Thus, by bounded convergence, we have : 

X M . If f (as) belongs to Lj_, and hence if fix) belongs to Z 2 , 

CO «In| frr 

(4T1) 2 — — I f(y)e- in *dy 

— OO "7T J — 7T 

= 2_r i-r 2 

27 r ] ^ 1—2 r cos (as — y) 4- r 8 

We now shall introduce as a lemma : 

X55. Let K (as, y, r) be non-negative. Let 

(4T2) lim I K (x, y, r)dy =1 

uniformly in y for a < x < b, and if e > 0, let 


dy. 


(4-13) 


lim K (x, y, r) = 0 




uniformly for all x and y in (a, b) for which J y — as | > e. Let 
fix) be bounded over (a, b). Then 

(4T4) lim f K (x, y, r)f (y) dy —f(x) 

r-»*l J a 
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boundedly over the set of points interior to (a, b) at which f(x) is 
continuous. This remains true if we replace (a, b) by (— oo , oo ). 

To prove this, let us put a + e< x <b — e, and let us note 
that 

(4-15) /(«)- [ K(x,y,r)f(y)dy 

J a 

by (412), is asymptotically equal to 

(4*1 6) f K (os, y, r ) (/ (as) -f(y)) dy 

Ja 

This again does not exceed 


(4-17) 2 lim sup \f(x)\ [ + [ ] K (as, y, r) dy 

+ lira sup |/0) -f(y) |f K(x, y, r) dy. 

At any point of continuity of f(x), we may choose e so small that 
the second term of (4T7) is less than y in view of (412). 
We may also by (413) choose r so near 1 that the first term 
of (417) is less than y. It follows that for r near enough to 1, 
(415) does not exceed 2y, and hence that it tends to 0 as 
1 The boundedness of (415) results from the fact that 
(4*16) does not exceed 

rb 

2 lim sup ( f{x) | K (x> y , r) dy . 

J a 

The argument of X 65 has further proved : 

X 66 . On the hypothesis of X 55 , (414) holds uniformly over any 
interval interior to (a, b) and to one in which f (x) is continuous. 

We merely need bring in the fact that a function is uniformly 
continuous over any closed interval of continuity. 

Another theorem which we shall use is : 


X57. If we put 

a — — 7r, b — rrr, K (x, y, r) = ~ ~ \ ~,ft 

27r I — 2r cos (x — y) + r 2 ’ 

the hypothesis of X55 will be satisfied, as far as it concerns K. 


f 
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Here 


JL 

27 T 


Or 7 n-2 T C*r / 00 \ 

t e 7 ^ s dy = 7 T— I ( X r In * ) dy 

] -„l — 2r cos (tv — y) + r 2 y 27rJ_,A-o 0 ) * 


Thus (4T2) is established. Again, if \x — y \ > e, 


K (&, y, r) < 


r 2 


1 -r 2 


27 t 1 — 2 r cos e ■+ r a 27T sin 2 e * 


since the minimum of 1 — 2 r cos e + r 2 is attained for r — cos e 
and is 

1—2 cos 2 e + cos 2 e = sin 2 e. 

The validity of (4T3) is thus assured. The positiveness of K is 
also clear from the same consideration, and X 67 is established. 

Now let f (x) be a step-function. Clearly, by X S7 , (4T4) tends 
boundedly to f(x) as r-*- 1 except at a finite set of points. Thus 

einx e ~ iny dy 
tends boundedly to 0 , and, by X i2 , 


f (so) = l.i.m. X 


|n] 


1-0 -oo 27T 


T f(y) 

J 77 


e -inydy. 


Since the series here is uniformly convergent, it converges in 
the mean, and given e, by the Minkowski inequality, we may find 
an r so near 1 and an N so large that 


/ 7r 2T y>\n\ fir 

/<«) - ^ ~2^r einx ]_ /&) e ~ iny dy dx 


< €. 


Thus, by X so , we may establish : 


X 58 . The set of functions ^j== einx 45 complete. 


The integral (4T1) is known as the Poisson integral, and 
theorems X 55 , Xse, X 57 constitute the adaptation to this 
integral of Fejdr’s method for the discussion of Fourier series. 
FejCr’s original method differs only in the choice of the 
function K (x, y, r). 
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Let it be noted that, with the aid of X 68 , we can prove : 


X S9 . No normal set is more than denumerable. Let us take 
our interval of integration to be (— 7 r, 7r). Let 2 be a non- 
denumerable normal set of functions over this interval. Let us 


consider the 


developments of the functions einx in functions 


of 2. By X44, each function e inx is orthogonal to all but a 

V27T 

denumerable set of functions of 2, since otherwise there would 
be more than a finite set of quantities 


1 

V27 r 



e~ inx <{> k (x) dx 


for which cf>k belongs to 2, all exceeding some e in modulus. This 
contradicts (4*04). Thus, since a denumerable set of denumerable 
sets contains only a denumerable set of elements, all but a de- 

1 

numerable set of functions of 2 are orthogonal to every —p= - e im , 

V27 r 

and hence by X fi8 are equivalent to 0. By definition, however, 
no normal set can contain a function equivalent to 0. 

It is perhaps worth while to state the Hurwitz-Parseval and 
the Parseval theorems explicitly in the form appropriate for 
Fourier series. They are respectively: 

X 60 . If f (x) belongs to Z 2 , 

J_ \fip)Vdx = ~~ 2JJ" f(x)e ina, dx ; 

and 


Xgt. If fix) and g (x) belong to Z 2 , 

J_ /(«) 9 ( x ) dx = ~ 2 J f(x ) e inx dx g (x) e~ ina dx, 

and hence 



f («) 9 i x ) dx 


^ fix) e inx dx J"’ g (x) e~ inx dx. 
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In particular , if g is furthermore of period 2n r, 

(4-18) 

f f(n)g(y — ®)dx = -}- 2 [ f{x)e inx dx\ g(y —x)e~ inx dx 

J — 7T — J 7T — ooj— 7T J — IT 

= ^ 2 e -iny J" f (x) e inx dx J g(x)e inx dx, 


(4T9) 


[ f{x')g(x)e imx dx — ^— 2 f jf (a;) e ina! cfor f g (x)e i(m ~ n)x dx. 

J — 7T — CO J -XT J — 7T 

i r- 

The quantity ^ J f (x) g (y — x) dx is known as the Faltung 
of f(x) and g (x) (there is no good English word), and the 


sequence -J 2 a n b m ^ n r as the Faltung of the sequences {ci n } and 


{&„}. The formal interpretation to be given to (4T8) and (4T9) 
is that the Fourier coefficients of the Faltung of two functions 
are the products of the corresponding Fourier coefficients of the 
individual functions, and that the Faltung of the Fourier coeffi- 
cients of two functions yields the Fourier coefficients of their 
product. 
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PLANCHEBEL’S THEOBEM 


§ 5. The Formal Theory of the Fourier Transform. 

Up to the present, we have been discussing the harmonic 
analysis of functions f (x) with period 2tt, or (alternatively) of 
sequences of coefficients a n defined only for integral values of n. It 
is interesting to see what formally becomes of the Fourier series 
when the period is 2 A rather than 27 r. The complete normal 
set of trigonometrical functions now becomes 


nrr ix 



and the formal Fourier series for f(x) is 
1 


mrix 


2A z* a \ m 

LlJX - co J —A. 


niriy 

~A' 


dy. 


We may write this 


(5-01) 


i i nvtx 


nirtx 

{ 'w-vbvKK* 


This pair of formulas tends to the form 


(5’02) 


1 f 00 

g (u) ~ j f( x ) e~ iux dx 



e iux du, 


as A becomes infinite. In the first formula of (5‘01) the 
interval of integration becomes larger, and in the second the 
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subdivision of the infinite interval of summation becomes finer and 
more nearly continuous. In the limit, the formulae (5‘02) assume 
an almost perfect symmetry as between the function to be 
expanded and the coefficients of its development. 

It will be noted that if we apply to g (x) the same trans- 
formation which turned f (x) into g (sc), we ge bf (— sc). A further 
application of the transformation yields g (— sc), and a fourth 
/(sc). Thus the transformation is of period 4. 

The present chapter is devoted to the establishment of con- 
ditions for the validity of (5 ’02) in a certain extended sense. 
Before we go into the demonstration of this theorem, or even 
its enunciation, it is perhaps worth while to consider a number 
of concrete pairs such as (5‘02), of Fourier transforms, as we 
shall call them. If, for example, 


/(#)= 1 (a<x<b)-, = 0 (a > sc or oc>b), 


we have 


9 0) = 


1 

V27T 


f 


p—iub p—iuCt 

e~ iux dx = - — : — j=~. 

— iu v 2 tt 


We shall then have 


(5-03) 


V2 


— — f g (u) e ivx doc — ■ 

2tT j — oo 


X f 00 


2iri L 


■u 


du 


1 / cos u(x — b) — cos u(x — a) 


1 r° 

27ri]-( 


du 


1 f« sin u(sc — b) — sin u(x — a) 

27 r Jo u 

Here the first integrand is odd, so that the integral vanishes. 
The second is even, so that (5 '03) becomes 


(5*04) 


1 f°° 
7T Jo 


sin u(x — a)^ u I f 1 * 03 sin u(x— b) 


u 


7T 


r 

Jo 


u 


du. 


Now let us remember that according as A 5 0, 


r 

Jo 


00 sin Au 


u 


du • 


f 00 sm v 7 

dv, 

Jo v 
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where v— Au. Hence 

-J: — f g (u) e iux dx - 
j - 00 


1 f 00 sin it 


7T Jo u 


du [sgn (x — a) — sgn (x - &)], 


where sgn is used to indicate 0 if x — 0, and otherwise xj\x\. 

The integral ( du is represented geometrically by a series 

Jo u 

of arches alternating in sign and decreasing to zero in area, and 
hence converges. 

We have 

n 2w q (2n-fl) iu ^ *1 

sp piku __ p — inUi 'S' piku p i?iu . 

_n 0 e !u - 1 

. 2 n + l 
sin — s~~ u 


Hence 


(5-05) 


1 . 2 n + 1 
sin — x — u 
Z 


By the Riemann-Lebesgue theorem X 19 , since 2/m — cosec m/2 

is bounded over (0, vr), 

f ,r . 2n + 1 /2 m\ 7 . 

(5'06) lim sm — 5 — u[ — cosec 5 ) aw = 0, 

W -j*. cc J 0 " " / 

and by combining (5 ‘05) and (5 - 06), we get 


lim 2 


. 2w + 1 
sin — g — m 


This may be written 


lim 
co J 0 


sm V 7 TT 

dv — x- 

v 2 


by a change of variable, and since the Cauchy integral in 
question is convergent, 

f 00 sin u ^ _ tt 
Jo u ~ 2 ' 


lo m 
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Hence (5'04) becomes 

(5-07) | [sgn {as — a) — sgn (as — &)] 

f0 if as < a; 

\i if x = a; 


= J 1 i f a<x<b; 

\ if x = b ; 

*0 if b < x 

— f 0*0 except at a and b. 

Again, let 

/(«)= ((«]<«); =0 (|a?[>a); a>0. 


-We have * <“> = vfc 11 (l " 

TTJo \ 


— f ^1 — cos uxdx 
7 r J a \ a) 


2 lj°( 1 ~t) d(sinux) 


'2 f“sin ux 
7r Jo ua 


We shall have 


j 2 1 — cos ua 
> 7 r w 2 a. 

1 f 03 1 — cos wa- . , 

- a e lux dx 

7T J _oo W £t 

1 f 00 cos ux (1 — cos ua) 
w j —ao u?a 


as we see by throwing out the odd part of the integrand. This 
is again 

, 5 _og \ 1 f" cos ux — \ cos u (x 4 - a) — £ cos u (x — a) ^ 

^ ' tt J _< u*a 

__ 2 [“cos i«b — |-cos w(# -f- a) — ■|-cos'm(« — a) , /1\ 


x + a . , . x—a . . . 

x sm ux H — sin u(x + a)-} ^ — sin u(x — a ) 


WFI 
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by an integration by parts. 

1 / x + a 

a \ 45 sgn x-i 2 “ 


If wo apply (5-07), this become 
sgn (at + «) + - ~ " sgn (a; - a)) 


1 / x + a x — a 

aV ~2~ + 



a 

a — \x\ 

a 


if a < | .r 


if 1 x | < a 


= 0 if j x | s= a 

Next, let f(p) — e~ x *l & . 

We shall have 

1 r°° 

(5*09) g (u) .-j= I e ~«*lz~%ux 


1 

V27T 





Inasmuch as e-* a / 2 is entire [integral] and tends rapidly to zero 
uniformly for any finite range of I (as) as Ji (a?) ± 00 , we may 

deform the path of integration in (5 '09), so as to obtain 

(5-10) g (u) — e-" 2 / 2 .L f°° 

v 2*71* J —00 


The definite integral in (5T0) may be computed by 


1 f°° 

W 27 r J — 0 


er^Pdx 


JL[ C 

2tt J. 


f <50 

e~ x *l*dx e~v*l*dy 
> J — 00 


1 r2?r foo 

= J c£# J re~ r *!*dr — 1. 

As the integral in question is manifestly positive, we obtain 

<7 (w) = e _w */ 2 = f(u). 

On applying (5*02) we get, in precisely the same manner, 


1 r°° 
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If we integrate by parts in the first formula of (5 '02), we get 

1 f S>~~~‘b'ltCC 

g(u')~ lim — 7 = I f(x)d — — 

V V 7 \! 9»n- I _ A V 7 — %U 


A-*~co V27T -A 

lim 


1 

~ f{x) e~ iux ~ 

[V 2 tt 

— iu 


+ 


1 f A r <*) r 


a \f2-jr J -a 


%u 


•iux 

— dx>. 


Accordingly, if f (x) 0 as x ± co , and if fix) is the integral 

of its derivative, 

i r°° 

iug(u ) ~ - j- y r («) e~ lux doc. 

v 27 T i — ■» 


Again, if we assume that we may differentiate the second 
formula under the sign of integration, we obtain 


/'(*) 


V 2 


7 T 


£ 


iug (it) e iwa: du. 


Thus — formally at least — the linear operation of multiplication 
by iu applied to g (u) corresponds to the linear operation of 
differentiation applied to fix). Similarly, the linear operation 
of differentiation applied to g (u) corresponds to the operation 
of multiplication by — ix applied to fix'). Thus the linear 


* / \ 

operation — u 2 ) applied to g (u) corresponds to the linear 
( d? \ 

operation \ applied to fix). 


§ 6. Hermite Polynomials and Hermite Functions. 

It became clear at the end of the last section that the 

differential operator — a? is its own Fourier transform, and 

that the solutions of the homogeneous linear second order 
differential equation 


( 6 - 01 ) 


d 2 w 

dx* 


— 'J?W — \w 


might be expected to play an important part in the theory 
of the Fourier transform. To solve this equation, let us put 
w = e~ ai / z W. Then (6*01) becomes 

(6*02) W " - 2 xW'=(\ + 1) W. 
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Let us look for polynomial solutions of the type 

(6’03) W = a 0 + a t x + . . . + a n x n ( a n =)= 0). 


Then (6*02) assumes the form 

n n 

%k(k—l) a k x k ~ 2 = % (2 k 4- \ + 1) a k x k , 

2 o 

from which we see that (6'03) holds when and only when 

— < 4 - 2 ' 8 M > ; 

a n —i (2n +X — 1) = cb n (2 n + A + 1) — 0. 

Thus since a n =j= 0, 

\ — — (2% + 1) ; tin— i — 0, 

and all coefficients vanish for indices not of the same parity 
as n. No coefficient of non-negative index of the same parity 
as n and less than n can vanish, as 


ajc-z ■■ 


k(k-l) 


2k — 2 n ■ 

The function W of (6’0S) is then 


■4 


a k . 


a n (a 


n ( n ~ r ) x n-2 


n (n — 1) (n— 2) ( n — 3) 


4 


4.8 


X‘ 


,n-~4 


. (w-8)(w-4) ^ n _ 


4.8.12 


+ 




in the sense that this is always a solution of 
(6-04) W" - 2 xW’ + 2n W » 0, 

and is the only polynomial solution. Thus (6 - 01) only has a solu- 
tion of the form P (oc) e - **/ 2 (P a polynomial) when A = — (2n+l), 
it always has a solution of this type when n is a non-negative 
integer, and this solution is except for a constant factor 
H n {x) e~ x2 I 2 , where 

(6-05) H n (*) = 2» (afl - rc fr t - 1 -) a,n-2 


»(»-l)(»-2)(»-3) 

4- __ 



These functions H n («) e~ xt l z of course vanish exponentially a( 
± 00 i as do all their derivatives. 
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We shall now show that if we write 

<t>n («)»-*, 

/ CO 

(fain (#?) 4*n (*r) dx == 0* 

— oo 

f <fim" ~ = ~ (2m + l) 4> m ] 

l<f>n' ~ = — ( 2 n + 1 ) <f> n . 

If we multiply the first equation in (6‘08) by 4>n and the second 
by 4> m , and subtract, we obtain 

4*m 4*n 4*n 4*111- = 2 (n VYl) 4*m 4*n • 

Upon integrating by parts over (— 00 , 00 ), we get 


(6‘ 06) 

then, if m =)= n, 
(6-07) 

For by (6*01) 
(6*08) 


/OO 

4>m.(v)4*n(®)dx 

“OO 

1 r 00 

~ 2 (n — m) J [4*m (*) 4*n ( x ) ~~ 4*n ( x ) 4*m (*)] dx 

~ g , in ^ | ^4*m ( x ) 4* n («) ~ 4*n 0®) 4>m (*) 

“ f 14>™ ( x ) 4*n («) - 4*n ( x ) 4>m («?)] dx 

J -oo 


= 0 . 


Thus the set of real functions {<£„(#)} [n = 0, 1, 2, ...] is ortho- 
gonal, and if we put 

(6-09) yfr n (x) = 4> n (x) j | [_ oo C4 > n 0»)] 2 j , 

the set {y^n (a?)} is normal. 

The functions {<£„(&)} or {ylr n (»)} are their own Fourier 
transforms, apart from a constant factor. This follows from the 
facts : 


(a) That equation (6 - 01) is invariant under Fourier trans- 
formation ; 

(b) That equation (6'01) has for any \ essentially at most 
one solution of the form P (x) where x is a polynomial ; 
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(c) That such a solution is of the form 2 a. k x k e - * 2 / 2 ; 

( cl \ k 
i e~ x *l 2 ; 

(e) That e~ x ^ z is of the form P n (x) e~ x *I 2 , where 

P n (cc) is a polynomial of the nth degree, as can bo verified by 
mathematical induction. 


Thus the Fourier transform of a solution ( x ) of (G*01) is of 
the form Q (x) e - * 2 / 2 , where Q (as) is a polynomial, and since it 
satisfies (6‘01), it is of the form cyfr n (x). The constant c can 
only be + 1 or + i. This results from the fact that the Fourier 
transform is of period 4. Thus c i y\r n (x) — ^ n (x). We shall 
verify this result in the next few sections, where we use the 
functions n (x) to obtain a new and more general definition of 
the Fourier transform. 

In this connection, let us note that we have established (5’02) 
for e~* 2 / 2 , and consequently for its product by a polynomial of 
any order, as may be verified by repeated differentiation under 
the integral sign. 

It is manifest that the functions tyn. (as) are except for a 
possible difference in sign the functions we obtain by normalizing 
the sequence x n e~ a ^ z [n = 0, 1, 2, ...]. The functions H n (x) are 
also given by 

(6-10) #„<«)-(- ir«-^32?. 

This polynomial satisfies (6 ‘04), as 


A 

dx 


(- !)*«*■ 


d n e~ x * 

dx n 


= 2 ® (— 1 ) n e x * 


d n e~ x2 

dx n 


+■ (- l) n e x * 


+3. tea 


or, if H n (oc) is defined by (6*10), 

(6-11) H n ' (x) = 2 xH n (x) - H n+1 (x). 

Thus 


(6T2) M n+1 (x) =2xH n (x)-H n '(x); 

(as) = 2 H n (x) + 2xJECn (x) — H n " (x ) ; 
&n+i" (as) = 4)H n ' (x) + 2 ocH n ” (x) — P n '" (x). 


dx n + x ’ 
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Hence 

(6-13) ~ 2xH n+1 ' + 2 (» + 1) H n 

= — J3 n ' ,r + keelin' + (2 — 4# 2 — 2 n) H n ' + knxH n 

= - ~ (H n " - 2 xH n ' + 2 nJZn) + 2x (H n " - 2 xH n ' + 2 nH n ). 

Again, by (6*10), 

' (6*14) Ho ice) = e* 2 . e~ x * = 1, 

so that 

(6T5) H 0 " (x) - 2xH 0 ' (x) + 2 (0) H 0 (x) = 0. 

Combining (6T5) and (6T3), we obtain by mathematical in- 
duction 

(6-16) H n " (x) - 2 xH n ' (x) + 2nH n (x) = 0, 

so that H n (x) can differ at most by a constant factor from the 
value given in (6'05). To see that (6-05) and (6T0) are com- 
pletely in accord, let us notice that it follows by mathematical 
induction from (6T2) and (6*14) that the term of highest degree 
in H n (x) is 2 n x n , which is in accordance with (6 05). 

We shall call the polynomials H n (x) the Hermite polynomials, 
and the functions -*jr n (x) the Hermite junctions* . 


7. The Generating Function of the Hermite Func 
tions. 


In consequence of (6T0), 

(7*01) { j >n (x) = (- l) n e**' 2 

Thus 


dx n 


(7*02) 


q — %&j2-)-2Ax — A2 === g%%j2g — (x — A) 2 
co \n 

= 2 e* 2 / 2 — r (— l) n 
o 


over (- 


oo 


OO ). 


_ g \ n 4> n (x) 

0 ^ 1 


d n er** 

dx n 


* C. Hermite, “Sur un nouveau developpement en sdrie des fonctions/ 5 C. 22. 
58* 98-100 and 266-273. Also CEuvres, 2 , 293-312, Paris, 1908. See also “Sur 
quelques d4veloppements en s6rie de fonctions de plusieurs variables/’ <7.22. 60, 
370-377, 432-440, 461-466, 512-518. Courant-Hilberfc, Methodm der mathe - 

matischen IPhysiJc, i, pp. 76, 77, Berlin, 1924. 
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/: 


Again, by an integration by parts, 
(7*03) 






-/ 


* t d * +i 

W«" +1 


I'iL «,-*> 

Vd*“ 

d n 


■/: 




c# 1 

okc”- e 
, d rt+1 
^"• +1 






d n+ 2 


By formulae (6‘07), (6'10) and (7-01), we obtain 

Furthermore, by (6'11), 

(«) ~%H n (at) + 2 xH n ' (at) - B n+l ' (at). 

In combination with (6T6), this yields us 
(7'05) H n+ 1 (at) = (2 n + 2) H n (at). 

On substituting n+ 1 for n in (6T1), we obtain 
dd<n + 1 == (a?) -^^1+2 (®)‘ 

Combining this with (7*05), we get 

2scH n+ x (at) = ^+2 (a?) + 2 (n + 1) jEr n (a;), 
or, by (6'10) and (7 - 01), 

2^^> ra +l (&) — <j>n+2 (&) + 2 (w + 1) <pn (*)- 

If we substitute this value and remember (7-04), we get 


r oo 

0 + 1) J _ 






\ 2 

O' 


If We substitute this and (7 - 04) in (7‘03), we obtain the recursion 
formula 

f 00 n / d n ^ \ 2 f 00 / /7» \ % 

J -oo * e ~l dX - 2 <» + 1) 1 <** 
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or, by (7*01), 


Since 


I” l4> n+ x(cc)Ydx~ 2(n + l)H l<t> n {x)Jdcc. 

J —00 j —CO 

[ I4> 0 (x)] 2 dx= [ e~ xS dx = *Jtt, 

J -CO J -CO 


we have by mathematical induction 

f 00 

[<f>n (#)] 2 dx = 2” n \ 'dir. 

J — CO 

By (6'09 ), •'K (#) = <f>n (x)/[2 n n ! V vr]£ , 

and by (7*02), 


0 —x^ /2+2Ao;— X2 ^ 


r2 n Vir“I* 


i^n (x). 


However, 


00 2 71 vV 

2 X 271 < oo 

n! 


by the ratio test, so that 


. . r2*Vflr"|* 

1 . 1. m. 2 X.™ - - — 

w-»-oo o In! 


'P'ni®) 


exists by the Riesz-Fischer theorem. As a limit in the mean of 
a series can differ from its limit at most over a null set, we have 


Formally, if 
(7*06) 

we should have 


3 -; r */2+2\*-\2 ^ 2 X n 

0 


2. _ r2 n vVl* 


'p'n (x). 


K (x, y,t) = 2 t n yjr n (x) yfr n (y), 
0 


0 — y %! 2 -\~ 2 \ ty — ^ ^ \ n t n 


2 71 V 7rl ^ 


^n(y) 


% t n -f n (y) [yjr n (x)f dx\ n 
0 J -00 


K ( x , y, t ) 2 X n 
> 0 


2, _ r 2” v 7r~i 


yfr n (x) dx 


[ K (a;, y, t ) e~ aa /2+2Xa_x2 dx. 

J —OO 
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That is, 
(7'07) 


K (x, y, t) exp 




4- 2\ (x — yt) — \ 2 (1 — rf 2 U dx = 1. 


In solving (7 - 07), it is natural to seek for a function K (x, y, t) 
in the form D exp (Ax z + Bxy + Cy z ), where A , U, C, and D depend 
on t. In the first place, we wish to make 

~~(A—^)x z — Bxy -(<?+£) y 2 - 2X (x - yt) + \ 2 (1 - i*) 
a perfect square. This will obviously be 


r=7»y, 

Wi-fi / 


so that 


1 1 1 + i 2 

2 l-« 2 “ 2(1 — £ 2 ) ’ 

2t 

1 -£ 2 ’ 

1 _ £ 2 _ 1 4- i 2 

2 1-t 2 2 (1 — it 2 ) ’ 

n 2X r 4fa7t/^ — + 4-£ 2 ) 

+ gy*)-exp|_ 2 (!-> )- 


and exp (A x z 4- Bxy 4- Ch/ 2 ) = exp 
As to D, we have 

1 _ f°° n™f ( . 


Dexp 4- 


Vl ~£ 2 


y i ~ i 2 J 




£&» = Z) Vw (1 — £ 2 ), 


so that 


and dr(,,s,,i) = 7 =_exp L -^ li ™--^j. 

It remains to verify that this is actually the function K (x, y, t ) 

of (7 '06). To begin with, it is easy to verily that 

ZK _2yt-x(l+t z ) rr/ 

— _____ K(x,y,t ); ■ 

[\ 2yt-x(l + t z W 14-< 2 1 
Bx 2 ( i — t* i ^ y> * 


V 7T (1 — £ 2 ) 

_ T '4ayt - O a + ?/*) (1 + « 2 ) 

) exp L TiT^F) 
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= f 4y 2 t 2 -4 <cyt(l+#)+a?(l +t 2 'f-(l-t i )-cc 2 (l-t' 


a? j (1-t 2 ) 2 

x K (x, y, t) 

= * ( * * 4) . 

As this expression is symmetrical in x and y, we see that 


— a?K — 

4 . da? 3y 2 y 

Again, 

_ 9f 7T= ^ J- 9/ F * a- ^.VC 1 +* 2 ) _ (x 2 + y 2 ) l _ 

U dt K \ 2t [l - t* + (1 - t % f (1 - i 2 ) 2 J 

= {1 A + y8) £ ^gO± K(«, y. t) 

3 % K 2 „ a 3 JST 22r 
da? xK d y 2 V 

The function K (x, y, t ) is analytic in t for \t |< 1, for all values 
of x and y. It is easy to show by mathematical induction that 

°^=P(x,y,t)K(x,y,t), 

where P ( x , y, t ) is a polynomial in x and y with coefficients 
dependent on t. Thus, by Taylors theorem. 


3 Z K a J£ 

da? 




(7-08) 


K («, y, <) “ s («» y) t n K (x, y, o) 
o 




== 2 P„ (a?, y) 


where the P n (x, y) are polynomials, not necessarily of the nth 
degree, in x and y. Hence 


X 2 + y2 


(7-09) -2t^=--K=2-(2n+l)P n (x,y)t n e 

Ot o 


When expanded as a series in powers of t , K (x, y, t ) is 
dominated by the expansion of 

(7 

over | x [ < A, | y | < B. It is easy to verify that for 1 1 1 < 1, (7'10) 
may be expanded in a convergent Taylor series in x and y. 


f 7T (1 


'4 A Bt + (A 2 + B 2 ) (1 + ?)~] 
2 (1 - 'J 
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Thus if 1*!<1, the series (7*08) converges uniformly over any 
finite complex domain of x and y. It may thus be differentiated 
term by term any number of times* with respect to x or y, and 

x* 4- ?/ 2 

d*K ^rr % M ( 3 2 J\(t> .A ~ 




a’-K . 
dy z y 
Thus, by (7'09), 

/0 2 A/r, , 




y*K=^Q- 2 -y*)(P n (x,y)e 2 ). 


_ x ~ + y‘ z _ 2 
(0^1 -a;2 ) y) e ) = {^yz~y*) (•^ > » ( x > v) 


a? a +y a 

‘ 2 ) 
x'l + y* 

2 


= - (2n 4- 1) P n (x, y) e 

In view of the equivalence of (6'01) and (6"02), this yields 

d 2 Pn o 9Pn . o n p — 2i/ 1 2 nP =0 

Ik? 2 dx + 2 Fn ~ dy 2 2j 0 y + 2 °* 

However, since P n (x, y) is a polynomial in x with coefficients 
depending on y, and also a polynomial in y with coefficients 
depending on x, it follows from our discussion of the polynomial 
solutions of (6'04), that 

Pn o, y) = Hn ( X ) F (y) - H n (y) G (x), 
where F (y) and G (x) are functions yet to be determined. Thus 
G(x)fH n (x) = F( y)IHn(y), 

and the common value of these two expressions can contain 
neither x nor y, and must be a constant. Hence 
Pn (on, y) = c n H n (x) H n (y), 


(Ml) 


K = % d n t n ^r n (x) y]r n (y). 


Here c n and d n are functions of n only. 

In particular, 1 _ t 

(7-12) K(x,x,t)= (*)]», 

V7r(l — r) 0 

* Cf. Osgood, LeJirbuch der Funhtionentheorie , ir, i, p. IB, Satz 1. 
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and even more specially, 

(7-13) E (0, 0, t) = f-i (l +| + * + - 1 if + . . . . . .) 


.2d„t"[ir„(0)P. 


We have already seen that yp- n (0) does not vanish for any even 
n, and the first series of (7T3) has positive even terms. Hence 
no even d n is negative. 

Again, we have already seen that (7T1) may be differentiated 
term by term, so that 

fixdy ^ U> 0 ~ 2 d n t n yfr n (x) yjr n ' (y) 

f (2 yt — x{l + £ 2 )\ /2 xt — y{ 1 4- £ 2 )\ 2t 1 

A ; + r=T 2 } 

X K (x, y, t). 

00 

Thus 2 d n t n [ir n f (0)] 2 = K(0,0,t) [2 1 + 2t z + 2$ + . . . ], 


and being the product of two series without negative terms, 
contains no powers of t with a negative coefficient. Also, yfr n ' (0) 
vanishes for no odd n, so that no odd d n is negative. Thus no d n 
is negative, and the series of (7T2) contains only non-negative 
terms for 0 <£< 1. Thus (7*12) may be integrated term by term, 
by monotone convergence, and as the set {y Jr n } is normal, we obtain 


Sd n t n = ^d n t n [ [yjr n (x)] 2 dx 
" " J -co 


,1 ~t 


Vw (1 — t 2 ) 

-±J, 


~I r oo — x z -- 

_ _ .. I e 1 + t dx 

1 - t 2 )J -CO 

1 ” 

J -a 


l-t 


1 — f 'V 7r (1 £) 

1 If" 

= i 


l-t 
1 + t dx 


l-t 

CO 

= 2£ n . 
o 
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That is, every d n is 1, and we have proved that 

„ , . 1 f 4 xyt — (x 2 + y 2 ) (1 4- tf 2 ')! 

(T-W) iT <*, y, t) = exp 

= St n 'y]r n (x)^ n ( y). 
o 

Now, we have seen that the theory of normal and orthogonal 
functions of two variables differs in no way from that of normal and 
orthogonal functions of one variable. The functions y]r m (x) (y) 

with the double index ( m , n) are a normal and orthogonal set 
over the entire plane, for 

f 00 f oo 

dx (x) yfr n (y) ^ O) i?* (y) dy 

J —00 J — oo 

/ oo r oo 

O) '/'V O) dx yfr n (y) (y) dy 

— oo J — 00 

1 if m = /x, n = v, 

= 0 otherwise. 

k* 

00 

Let 1 1 J < 1. Since the series 2 [ t 2n j converges, it follows by the 

o 

Riesz-Fischer theorem that the series of (7T4) converges in the 
mean in (x, y) and hence, by X41, that it converges in the mean 
to K (x, y , t). That is, 

/ oo r 00 n 

dx dy K (x, y,t)-'l t k ^ k (x) y]r k (y) = 0. 

— 00 J -oo 0 

00 

Now let 2e„ be a convergent sequence, and let n v be so large 
that 0 

r co roo n v 

dx dy K (x, y, t) - Zt k -y]r k (x) yjr k (y) < e„ 

J — 00 J -00 0 

It follows from X26 that there exists a set S v of values of x, of 
measure not exceeding e„, such that, if x is outside S„, 

r 00 1 n u , 

\K(x,y,t) — 'Zt k 'ty' k (x)ty k (y) dy<.e v . 

J —00 I 0 

I 

This means again that outside the set S v + S v+X + ... = T v , of 

OO 

measure not exceeding — e M , 

(7*15) Hm J ^ J K (x, y, t) — Xt h -\]r k (x) yjr k (y) dy — 0, 
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and since 


lim 2 e M = 0, 

V— >-00 v 

that (7*15) is valid except on the null set common to all T v ’a. If 
we consider K (x, y, f) as a function of y alone, and apply the 
Bessel inequality to (7T5), we obtain 

Xt n [-yjr n (x)] 2 < oo 
o 

for almost all x. Thus the series of (7T4>) converges in the 
mean in y, for almost all x. By the principle X tt that if a series 
converges to one function and converges in the mean to another, 
these can differ at the most over a null set, it follows that for 
almost all x , and considered as a function of y, 

K 0> t) = 1-i.m. 2 ( x ) y(r k (y). 

11 -*- 00 0 

Thus by X 47 and the Parseval theorem X 52 , if f(x) belongs to 
L 2 , we have for almost all x. 


(7-16) [ f (y)K (x, y, t ) dy 

J — CO 

= Xt n ir n (x) [ f(y)^n (y) dy. 
0 J - 00 

By the Bessel inequality, 

f f(.y)i r n(y)dy\<£ : \ \f(x)\ 2 dx 

J —oo I J - CO 

t n f f(y)^n(y)dy 
J —oo 


< 00 . 


Therefore 


< », 


and by the Kiesz-Fischer theorem X«te , there exists a function 
F(x, t ) belonging to L 2 , and such that 

(7T7) F (x, t) ~ Xt n y{r n (as) [ f(y) (y) dy. 

0 J — oo 

By another application of Xu to (7-16) and (7'17), we obtain 
(7-18) f f(.y)K( x ,y,t)dy~ f” /(y) (y) dy. 

J —oo o J -oo 
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§ 8. The Closure of the Hermite Functions. 

On the basis of (7T8), we wish to prove that if f(x) belongs 
to X 2 , 

oo roo 

/ («) ~ 2fy» (x) f(y ) ^r n (y) dy, 

0 J — OO 

or in other words. 


Theorem 1 . The Hermite functions are a complete normal set. 
By Xgo we shall have established this if we can show that, 
given e > 0, if / is a step-function belonging to L t , we can find 
an N and a t such that 

f |/(«) “2 t n yjr n O) f / (y) -yfr n {y) dy dx < e. 

J — 00 1 0 J - 00 , 

Proposition (7-18) and the Minkowski inequality show that this 

will be possible if 

(8-01) lim f !/(«)-[ f(y)K(x, y, t)dy\ dy*=0. 

— 0 J — oo] J —oo J 


We shall now establish (8*01) for any step-function f(x) belonging 
to L 2 , and shall thus complete the proof of theorem 1. 

Over any interval (a, 6) containing x as an interior point, 

(8-012) lim [ K (x, y, t) dy = lim L 

a - 0 V 9T (X — lr ) 


exp 


-j 


— (y Vl + — 


V l+l 


,/ . 


2 (i - i 2 ) 


— lim 




! S (1 -t 2 ) 
2 ( 1 +>). 


dy 


t~*. i-o V 27 r (X — jt) ■ 

& ( x > y, t ) is clearly non-negative. Again, let us put 


Then 


^ + y = £, x — y = rj. 


(8-013) 

K (x, y, t) = 


(f 2 - ’i *>< - -- + ^ (i + 


v7(bF) e " p [- 


2 (1 - t 2 ) 


^(l-t) ^(l+t)! 

4(1 + 0 4 a - o_ 
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Hence lim K (*, y,t) — 0 

t-*- 1-0 

uniformly for all x and y in (a, b) for which \y — x\ > e. We may 
thus apply I55, which yields us 

f(x) = lim | f(y) K (x, y, t ) dy 
t-*- 1-0 J a 

boundedly for the points of the interior of the interval (a, b) at 
which f(x) is continuous. However, fix') is a step-function 
belonging to Z 2 , it vanishes for large enough arguments, and 
has only a finite set of points of discontinuity. Thus 


/ 0 )= lim f f{y)K(x,y,t)dy 

t -^-1 — oJ -00 

at every point of continuity, as we may see by taking — a and b 
so large that f(x) vanishes outside (a, b). The expression 



f(y) K (x, y, t) dy 


is bounded in Xx, t) over any finite interval of x and for 
Thus, over any finite interval of *, 


(8-02) /(a?) = 1. i. m. f(y) K (x, y, t) dy. 

— § J — OO 

We now shall show that if f(x) differs from 0 only for \x\ < A, 
then (8*02) will hold over (— 00 , — 2 A) and over (2 A, 00 ). Over 
these ranges, (8 "02) becomes 

( 8 - 025 ) 1 . i. m. [ /(y) K (x, y, t) dy — 0 , 

t -*. 1-0 J -00 


which is what we must prove. However, over the ranges in 
question, by ( 8 ' 013 ), 


( 8 - 03 ) I ( f{y)E (x, y, t ) dy I 

I*/ -—CO I 

since, iff (y)f 0 , 


(*/2) 2 (l-t) 
4 (1 + 1 ) 


A*(i+ty\ 

4 (i — t) J ’ 


|£l = |®+yl > \x\ \x\ - 1*1/2= |a?|/2; 

I«?I = [x-y\ > A . 



66 


PL ANC HER EL’S THEOREM 


(8-04) — i r /(y) exp 

V ' Vvr(l + «V — L 2(l + « 2 ) 


The right-hand expression, in (8*03) is of the form 

yfr ( t ) 4> ( t ) *-«*&«]■, 

where [i/r (i)] 2 (f ) tends to 0 as t -*■ 1 — 0. 

~ r—2A roo “] Too 2 

Thus + I f(y)K(x,y,t)dy dx 

J ~~ 00 J 2-4 J J “ 00 

< [f (*)? f°° [</» (OP e-* a[ ^ s 

J -00 

< const. (£)] 2 $ (£), 

from which (8*025) follows at once. Thus (8*02) holds over 
(—oo, —2 A), (—2 A, 2 A), and (2 A, oo ), or what is the same 
thing, over (— oo , oo ). This is however equivalent to (8*01), 
which we have shown to be equivalent to theorem 1, which we 
have thus proved. 

By (7*14), if f (x) belongs to X 2 , 
l 

Vtt (1-M 2 ). 

= f f(y)K (#, y, - dy 

J —00 

= 1- i- 2 (- it) n fn(v) [ f(y ) (y) dy. 

N~*~co 0 J — oo 

By the Bessel inequality, 

o0 >S]f f(y)^n(y)dy = 2(-i) n [ f(y)ir n (y)dy 

0 IJ -oo 0 J - oo ( 

Thus, by the Riesz-Fiseher theorem, there exists a function g (a) 
belonging to X 2 , such that 

9 («) ~ 2 (- i) n ir n (x) I f(y)ir n (y) dy. 

0 J -oo 

Since the set is complete or closed, we have 

/ (x) ~i («) f f(y) (y) e£y. 

0 J -oo 

Thus two applications of the Hurwitz-Parseval theorem give us 
(8*05) 

f If f(y)ic n (y)dy 

J '~~ co 0 I J —oo 


rco 


l/(®)l**S‘ 
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This theorem also gives us, for 0<; i<l. 


f |y0*)- 


K /—rm as 
N nr (1 + t 2 ) J — co 

T — 4 iccyt — (a? + y 2 ) (1 — t 2 )' 

L 2(1+ t 2 ) _ 

-1(1- t n ) I j f(y) (y) dy 

0 i J — - co 


exp 


From this and (S'05), it results that 

1 


dy dx 


9 ^ Vt r (1 + t 2 ) 


exp 


a/ 7T (1 + t 2 ) 

r — 4f arytf — (a‘ 2 + y 2 ) ( 1 — t 2 ) 

2(1 + 1 2 ) 

2 oo 




dy dx 


S lim 2(1- <”) j J/*,|‘ + 1 1 j/+. [ S f | j/*„j 

Since the series in (8*05) converges, it further results that 


(8-06) ^(a?) = l.i.m. 

£-*-1-0 V 7T (1 + t 2 ) 


f 


exp 


/(y) 

J —00 

4<ixyt — (x 2 + y 2 ) (1 — i 2 ) 
2(1 +t 2 ) _ 


dy. 


§ 9. The Fourier Transform. 

We now wish to simplify the definition of the function given 
by (8’06). In case f (x) = A f (oc), and vanishes for large arguments, 
we have a finite range of integration for the integral in (8*06). 
As £— >1, the integrand is dominated by an expression of the 
form c j f (y) [ , and tends almost everywhere to f{y) e~^>. Thus, 
for such a function, 


(9-01) 


g(v) = 


1 

V2nr 


f(y ) e~ ixy dy. 


Now let f(x) be any function of X 2 , and let us submit 
to the linear transformation given by (8 - 06). By 
(9*01) this will yield us 

9 O) “ j_y(y) er ixy dy, 
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and "by (8*05) we shall have 

l i* • - vfc i -/ <2,) ^ r ^ ■ - tn + ii] i 


rco 


It then follows from the convergence of \f(x)\*dx that 


J. 


(9 ’02) lim 

A~*»OQ J — 00 


j_ o3 g(x)~ j_f (. y ) e~ ixv dy dx = 0, 


or 


(9-03) g (a?) = 1. i. m. JL f / (y) e~ ixy dy 

ji-*»co \ 2nr J —a 

~ 2 (- i) n ir n O) f f(y) ir n (y) dy. 

0 J —oo 

f 00 „ r°° 

Clearly g (x) ^r» (a?) dm = (- *)“ / (y) (y) dy, 

J —00 J — 00 

00 foo 

/(a>)~2 i n yjr n (x) g (y ) (y) dy. 

0 J —oo 


and 


As in (8'04), if we replace / (a?) by g (x) and i by — i, we 
have 

CO 

2 


% Vir (1 + £ 2 ) 


1 0 '£) M (y) irn (y) d y 


and an argument in all respects like that by which we deduced 
(8‘06) will show that 


(9-04) / (x) = 1 i. m. ==== ■ f g (y) 

0 V 7T (1 + tj J — <*> 


exp 


“4 ixyt — (a? + y 2 ) (I — £ 2 ) 
2(I + £ 2 ) 


•J dy. 


Just as (9*08) follows from (8*06) so from (9*04) we may deduce 

(9-05) / (a?) = l.i.m. — ?==• f" 1 g (y) e dy. 

A-*- CO V 27T J —a 

Combining (9 ‘03), (8‘05), and (9‘05), we obtain 
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Theorem 2. (PlanchereV s Theorem.) If fix) belongs to L% on 
( — oo , oo ), then the function 

(9*06) g ix) = I. i. m. -jL=r f f(y) dy, 

A -*» oo V AlT J — A 


known as the Fourier transform of fix), exists and belongs to L%. 
We have 


(8-05) 


f \gix)\*dx = f \fif)\ i dx, 
J— 00 J — 00 

f(x) = L i. m. f g (y) e*** dy. 

A-*~co VZ7T J —A 


By the Schwarz inequality, it results from ( 9 ’ 02 ) that 

lim f g ix) dx — f dx f f {y) er^y dy ■ 0. 
a^qo Jq v27t Jo J -a 


Hence, by X 24 , 


\ 9 dx = — == \_ a f(y) dy £ e~ ixy dx 

1 r«> 1 — 


and, by X^, 

(9-07) 

almost eveiywhere. Similarly, 

/c\ ao\ x/ \ 1 d (°° e ix y — 1 , 

almost everywhere. If fix) is even, (9*07) and (9 ’08) reduce to 

and, if f ix) is odd, these are replaced by 

... /2 d f 00 -, . 1 — cos#y , 

^ <*> = V ,F Si )/<*> y **• 
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These are the formulae originally given by Plancherel. *In the 
even case, g(x) and f(x) are said to be cosine transforms of each 
other, and in the odd case ig (x) and f (x) are said tof$»e sine 
transforms of each other. 

The method of proof of the Plancherel theorem given in this 
chapter differs considerably from that originally given by Plan- 
cherel*. Other proofs have been given by Titchmarsh-f, F. Kieszj, 
and the author^. The present method is based on a suggestion 
of Campbell]], and involves an argument concerning the Abel 
summability of a development in Hermite polynomials closely 
allied to one given by Muntz IT. A somewhat similar discussion 
of Hermite developments is to be found in an earlier paper by 
the author**. 

By methods precisely similar to those used in the deduction 
of X 62 from X 5 i, we obtain by theorem 2 : 


Theorem 3. (The Parseval theorem for the Fourier integral) 
If gx (x) is the Fourier transform of fx (x) and g 2 (as) is the Fourier 
transform of f 2 (x), then 

gi (as) g 2 (as) dx~\ fx (x)f 2 (x) dx. 

J -00 J — 00 

Hence, as in X 61 , 

f 00 roo 

• 91 (as) 92 (x) dx=\ fx (x)f 2 (- x) dx 

J —00 J - 00 

( 9 4 09 ) | gi(x)g 2 (y — x)dx*= [ f (x) f 2 (x) e-w* dx, 

J -00 J- 00 

foo B 1*00 

91 (as) g* (as) e iyx dy = fx (x)f 2 (y - x) dx. 

J -CO J — CO 


* Plancherel 1. + Titchmarsh 1. J F, Riesz % 

§ ‘Wiener 1. _ || Campbell and Poster 1. 

H Ch. H. Miintz, “fiber die Potenzsummation einer Entwickelung nacb 
Hermiteschen Polynomen,” Math. Ztschr. 31 (1930), 350. The K of (7-06) had 
already made its appearance in a paper ol Mehler (Journ. fUr Math. 66 (1866), 
174 • ** Wiener 3. 
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By (9*09) the Fourier transform of the product of two functions 
fx and f 2 is V 2 - 7 r times the “Faltung” 


f g 2 (y - x) 

J — 00 


of their -Fourier transforms. It results from that if further- 
more fi (x) fi (f) belongs to L 2 , this statement is true in fact as 
well as formally, for by X 41 the equation 

f /1 (p)f% O) e~ iyx dx = \.i. pa. f f x (x) f 2 (a?) er*v* dx 

J —co A-*- K> J - A 

is true almost everywhere if the left-hand side exists for almost 
all y and the right-hand side exists, as will be the case, since 
fx if) if) belongs to Z 2 . 



CHAPTER II 


THE GENERAL TAUBERIAN THEOREM 


§ 10. Enunciation of the General Tauberian Theorem. 

In. Chapter I we discussed functions belonging to L 2 over 
(— oo , oo ). In the present chapter we are chiefly concerned with 
functions f (x) belonging to L x over this interval. If f{x) is such 
a function, 


g(v) = 


1 

V 2tt 



e~ iux dx 


1) dx 


exists for every u. It is bounded, and indeed 

1 ^ 0)1 < f_J/( x )\ dx ' 

It is as a matter of fact uniformly continuous, for 
\g(u + e)-sr<V)|= | j^/O) e~ iux (e~ ixt 

< f 2 sin ~ dx 

V lit J - co 

*= vfc [H + II ] 2 i/w| dx + ^ I j /w| *"• 

Now let J. be so large that 

i[i:>i:] 2 i/«i- < ^ 

Let us then choose e so small that 

eA C A 


V2 


7 r 


f I/(«)|^<V 2 - 

J “X 


We shall then have 

\g(u + e)-g(u)\<r } . 

We shall term y (u) the Fourier transform of f(x). The class 
Li differs from L 2 in that the Fourier transform of a function of 
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L x is defined for every real argument, and not merely for almost 
every real argument. 

We shall also introduce a sub-class M x of L x , consisting of all 
continuous functions /(os') for which for some positive a and real 6, 

(10*01) 2 max \f( x ) i < 00 • 

n~~cQ na-\-b ^x^(n-{-V) a+b 

It is clear that if (10*01) is true for any positive a and real b, it 
is true for any other positive a % and real b%. This follows from 
the fact that if [a-jja] — v, no interval of the form 

(net, i b x , (n + 1 ) a x + b x ) 

contains parts of more than v 4- 2 intervals of the form 

(ma + b, (m+l)a + b). 

Thus 

(10*02) 2 max J (a?) | 

— od 1) a i-f 

2 max 1 /(«)!• 

V nr a -oo na+b Or+b 

Similarly, if [a/ai] = /x, 

X max i/(^)t>-4~sr 2 max |/(«)|. 

n~—co fL ~r £ n— —oo 

Thus there is no change in the definition of L x if we take a — 1, 
b *= 0, and replace (10*01) by 

oo 

2 max \f(cc) | < oo • 

Every function of M x is of course a member of L x , and has a 
bounded uniformly continuous Fourier transform. 

We shall devote the present chapter to the demonstration of 
the two following theorems, or rather variants of one theorem, 
which we shall term collectively the general Tauberian theorem. 
These are: 

Theorem 4. Let K x (x) belong to L Xi and let its Fourier trans- 
form vanish for no real argument. Let K%(x) belong to L x . Let 
f (pc') be bounded over (—oo , oo ). Let 

(10*03) lim [ K x (x — y) f(y ) dy — A f K x (cc) doc. 

£ 0-^00 J — co J — OO 
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Then 

(10-04) lim f K% (x - y)f (y) dy = A | K 2 (x) dx. 

J —CO J —00 

Conversely, let K x (x) belong to L x , but let its Fourier transform 
have a real zero. Then there exist a bounded function f(x) and 
a function K 2 (x) belonging to Ly, such that (10 - 03) is true but 
(10*04) false. 

Theorem 5. Let K x (x) belong to M x , and let its Fourier 
transform vanish for no real argument. Let K 2 (x) belong to M x . 
Let f (x) be of limited total variation over every finite range, and 
let 

rn+1 

(10-05) \dg(x)\ 

J n 

be bounded foo — oo < n < oo . Let 

(10*06) lim f Ki (x — y) dg (y) = A f K x (x) dx. 

CC-^ODJ —OO J — 00 

Then 

(10*07) lim [ K 2 (x — y) dg (y) = A f K 2 (, x ) dx. 

Conversely, let K x (x) belong to M x , but let its Fourier transform 
have a real zero. Then there exists a function g (oc) of limited 
total variation over every finite interval, for which (10"05) is 
bounded, and a function K 2 ( x ) belonging to M x , such that (10 06) 
is true but (10*07) false. 

The converse portions of theorems 4 and 5 are quite trivial. 
Let 

,= f K x (x) e~ iv o X dx — 0. 

V 2ttJ -00 


There is no difficulty in finding a function K 2 belonging to M x 
and hence to L x for which 



e~ iu o x dx= /4= 0. 


The function e x *l 2 is an instance in point. If we put 
f (x) = e iu o x , g (x) = e iu o x /iuo 
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(10*03) and (10*06) will hold true for A = 0, while 


f K 2 (x- y)f (y) dy= l K 2 (, x - y) dg (y) = e iu ^ I V2tt, 

J — 00 J — 00 


which does not tend to any limit whatever. The function f (x) 
is clearly bounded, while 


/ •h+1 rn + 1 

I dg (x) J = / 

n J n 


e iu a* \dx = l. 


In the proof of the direct parts of theorems 4 and 5, we 
introduce the notion of the extension of a class of functions 2 of 
L x or M\. 

If 2 is a class of functions of Lx , e(2), the Lx extension of 
2, is the class of all functions K 2 (x) belonging to Lx, for which, 
whenever f(x) is bounded and (1O03) holds for every function 
Kx(x) belonging to 2, (10’04) holds. Similarly, if 2 is a class 
of functions of M\, e (2), the Mx extension of 2, is the class of 
all functions K 2 (x) belonging to Mx, for which, whenever g (x) is 
of limited total variation over every finite range, (10'05) is 
bounded, and (10*06) holds for every function K x (x) belonging to 
2, (10*07) holds. The direct parts of theorems 4 and 5 are then 
special cases of the more general theorems: 


Theorem 6. If 2 is a class of functions of Lx, and if there 
is no real argument for which the Fourier transform of every 
function of'2, vanishes , then 

e (2) = Lx. 

Theorem 7. If 2 is a class of functions of M 1} and if there 
is no real argument for which the Fourier transform of every 
function of 2 vanishes, then 

e' (2) s Mx. 

For these theorems we need a number of lemmas. The follow- 
ing lemmas are in part obvious, and no proof of these is given. 
It is always understood that in a lemma involving e, the functions 
considered belong to Lx, and in a lemma concerning e , they 
belong to Mx, unless the opposite is stated. 
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Lemma 6*. e (e (2)) = e (2). 

Lemma 7 e' (s' (2)) = e' (2). 

Lemma 6 a . If K (x) and Q(x) belong to 2 , K (oc) + Q (x] 
belongs to e (2). 

Lemma 72. If K (x) and Q(x) belong to 2 , K(x) + Q(x) 
belongs to e' (2). 

Lemma 63. If A is a constant and K (x) belongs to 2 , AK (x) 
belongs to e (2). 


Lemma 73. If A is a constant and K (x) belongs to 2 , AK ( x ) 
belongs to e (2). 

Lemma 64. If a is a real constant and K(x) belongs to 2 , 
K(x+a ;) belongs to e( 2 ). 

Lemma 74. If a is a real constant and K (x) belongs to 2 , 
K (x + a) belongs to e ( 2 ). 

Lemma 6 S . If K(x) belongs to 2 and Q (x) belongs to L x> 
(10-08) f" K(x-£)Q (£) d£ 

J —00 

belongs to e (2). 


To prove this lemma, let us first note that 

f" 

J —00 

belongs to L x , and in fact that 
(10*09) 

r If d**r \K(x)\dxT |Q(*)|d*. 

J — 00 I J —00 J —00 J — 00 

Again, (10'03) yields 

(10-10) f"e(f)dfliinr Kii*-Z- y )f(y)dy 

J — 00 00 


= lf Q(&d£ r K x {x)dx 

J —00 J —00 

= A f“ K(*-Z)Q(Z)d£, 

J —00 J —00 



THE GENERAL TAUBERIAN THEOREM 


77 


as the integral converges absolutely. Furthermore, since f is 
bounded and K belongs to L 1} 

( 10 - 11 ) f Ki(oc-%- y)f (y) dy 

J — co 

is bounded. Hence, by dominated convergence, 

( 10 - 12 ) [ Q (f) dg lim f K(x-%- y)f (y) dy 

J — 00 X-&-COJ —00 

= lim f° K{x-^-y)f{y)dy 


— lim | f(y)dy f K(.x — %-y)Q(%) dl~, 

X~**cO J — co J — co 

as the integral converges absolutely. Combining ( 10 * 10 ) and 
( 10 - 12 ), we see that if 


K, 




( 10 * 12 ) is true. 

Lemma 75 . If K (x) belongs to 2, a sub-class of Mi, and 
Q ( x ) belongs to L\ (not necessarily Mi), (10*08) belongs to e' (2). 

To begin with, (10'08) belongs to M x , for it is continuous by 
a simple application of Xi 8 , and 


(10*13) 


OO 

2 max 

-co 


|£V5rO-f)<2(f)<zf 
riQ(5)|dfS max |X(»-f)| 

J —co ~con^x^n+l 

2 r |«(f)|df S max \K(p)\ 

J -co —co 


as in (10*02). Formula (10T0) remains mutatis mutandis valid, 
and instead of ( 10 * 11 ), we see that 

(10-14) U f — y)dg(y) 

« I P|X a ^-f-s,)|dr|^(a)| 

— oo*/ n J 0 

£ +1 oo 

\dg(y) I 2 max \K x (x- £— y)\ 

— oo 

Cn-fl oo 

«S 2 lim sup | dg (y) J 2 max \K X (a?) |. 

— oo<»<co J n -con^x^n-fl 
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Hence, by dominated convergence, 

(10-15) P Q(M)d% lim | K(x-£-y)dg,{y) 

J -00 J — CO 

= lim | Q(£)d£ f K(x-%-y)dg (y). 

#->00 J — 00 J —OO 

This integral converges absolutely, and (10T5) becomes (see X 38 ) 
(10-16) lim I dg(y) f K(x- %-y)Q (£) d£. 

cc->»ooj — CO J —co 

If we combine this with the modified form of (10-10) in which 
f(y)dy is replaced by dg (y), and put K z (x) for (10 08), we 
obtain (10"07). 
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and similarly, that 


(10-20) 


liml K z (x — y)f (y) dy = A 

£B-»-acr 00 



doc. 


However, (10-19) and (10"20) together are equivalent to (10*04), 
and lemma 6 6 is established. Similarly, we have 

Lemma 7 6 . If K a 0») belongs to M x , if {JTx (w) (a?)} is a sequence 
of functions belonging to 2, and if 

(10-21) lim 2 max \K z (x) — K x w (x) j = 0, 

7i-*-00 7c~ — CO 7c<.T^7c+l 

then K% (x) belongs to e' (2). 

Here we follow the argument of (10T4). This shows that 


roo roo 

/ ^I (n) (« - y) d 9 (y) - K t (x- y ) dy (y) 

j —oo J — oo 

pi-fl co 

^ 2 lim sup j iy (y) [ 2 max | (#) — iT 2 (a;) | . 

J n — oo^<x<n-fl 

By (30'21), if f \dg (y) | is bounded, 

J n 

f K 2 (x- y ) <fy (y) = lim f (a? - y) dg (y) 

J — OO 71-^-CO J —CO 


uniformly in aj. Formula (10*18) holds as before, and an argu- 
ment precisely like that of (10*19) shows that 

roo roo 

lim K z (x- y) dg (y) = lim K z ( x-y ) dg(y) 

tz-^-aoj — oo a?-^oo J — -oo 

roo 

= A K z (x) dx. 

J -oo 

Here as n-*~oo , 

foo foo 

(10-22) lim K x (n) (x - y) dg (y) lim K z (x- y) dg (y), 

J -00 2T-^0O J — OO 

and it also follows from (10-18) that 


(10-28) A f 00 K x ™ (x)dx^ A r K 2 (x) dx. 

J —00 J — 00 

If we combine (10*22) and (10’23) we obtain our result. 
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§11. Lemmas Concerning Functions whose Fourier 
Transforms Vanish for Large Arguments. 

Lemma 6,. Let f(x) be a continuous function defined over 
(— 00 , 00 ), and vanishing over (— oo , — 7r + e) and (it — e, oo ). Let 

i r°° 

(11-01) g(.u)=j=j_f(*)er™dx. 

Then the three following statements are equivalent: 

(1) 2 | g (n) | < °o 5 


(2) 2 max |#(«)]<oo; 

— oo 


(3) f°° \giy)\du 

J -oo 


<oo , 


It, is of course obvious that (2) implies (1) and (3). We need 
therefore only show that (1) implies (2) and that (3) implies (2). 
Let 

l | 

(11-015) <j> (x) = 1 (| a? | ^ 7T — e); = 7r — —' (tt — e < | | < tt); 

= 0 (7rss|<r|). 

The Fourier transform of <f> (oo) is 


. sin ux 


’ sin ux 


<f> (x) dx 


sin ux 


/2 f 00 , 7 / 2 f 00 , , x d sin ux 

v *J 0 (x) 008 "* dx = v i J 0 * <»— 

, / 2 f°°sinwa> ,, . . , 

— v ?J„— 

y 2 f"- sin ux 
rrj7r- e ue 

— / 2 cos (rr — e)u — cos rrru 

V 7 T ti a e 

Thus the Fourier transform of <j6 (aj)e _i ®* is 

(11-02) 1 I* <£<» e~ i(u ^ x dx 

V 27T J - CO 

/ ^ cos (w — e) (u 4- t>) — cos 7r (w + fl) 

'V 7T (m + vf e 
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For our present purpose all that is important concerning (11 02) 
is that it is dominated by an expression 

A 

B + {u + vf 

From this it immediately results that the coefficients of the 
Fourier series of (x) e~ iux over (— n r, t r) are dominated by an 

expression 

A 

B + (u + n) z ’ 

where A and B are positive. Thus, by (11*01), since by (13*015) 

e -iux fig. _ _L_ [ f (a;) cf> (cc) e~^ ux da % 
w2i t J —<x> 



we see that positive A and B exist such that 

/- \ £1 A I g ( n ) I 

It follows that there exist positive A and B such that 


Hence 




(11-08) 2 max | *-(«)!< 2 I 

-00 n^u^'A+1 CO »= —oo & + {TTl + n) A 


“ S 2 K = m + n] 

n— - oo w x = — oo "r ^1 

oo 

= const. 2 j g (n) | . 

— 00 

Again, 

9 ^ = vfc J.y« ^ (*) 

lf°° /■ / > 7 f 00 cos (w — e) (w + v) — cos tt (w + v) . , 

-wU^^L — ' -(.+.y. 1 

; 1- «, B + (u-vf ' l£,(v> ' 


WFI 
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Hence there exist positive A and B such that 

, “s + x 1 ■ g {u) 1 « n. £+(»-«)■ 1 ^ 9 w 1 *■ 


and 


Wi 


oo °o r°° a 

(11-04) S max |0(w)|«Sj p ~ , 7 m Z v) 2 I S' (*0 1 dv 

-oo n^u£n+l -oo J -co *> ~r v ) 

=fi 


-00 
< const. 


Iy »)l <fo . s . 5+ (»-»)» 

• I \g(?)\dv. 

J —oo 

Formulae (1T03) and (11-04) complete the proof of lemma 6 7 . 

Lemma 6 8 . If f(x) belongs to L x and has the Fourier trans- 
form g (w), then 

< u ' 05 > l£/<— 

belongs to L\ and has the Fourier transform 

(11*06) (i“^)^( w ) 0 ( M><* )• 

Here the proof that (11"05) belongs to L x proceeds as in (10‘09). 
Moreover, 


1 f 


V27T i— «> 

1 


00 dx 

& — IUX 

7 r 


f 00 «... 1 — cos a£ 

roo If 00 ! 


cos a£ - t 7 „ 
s e m *dg 


V2tt j — co ; 

by the inversion of the order of integration of an absolutely 
convergent integral, and, by (5’08), we obtain (11*06). If we 
replace (10-09) by (10-13), we get : 

Lemma 7 S . If f(x) belongs to M x , (11-05) belongs to M x . 

Let us now prove : 

Lemma 6 9 . If fix) belongs to L x , 

(11-07) 
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We shall first prove this in the particular case where /(*) -1 
over (a, ft) and 0 elsewhere. Here 

i| 

1 r <*(*-/*) 1 — cos y ■, 

= - 

7T J — a) 2^ 

The integral tends houndedly to \ sgn (x — ft) — k s & n ~~ 
over any finite range. Furthermore, if A > j a \, A > | ft |, 

r r« r- 2 ^-| dx I 1 — cos y ^ 

LJ 2-4. J— »J 7r I Ja(*— *) 


y 


f® 2a^l , ^ 2 

<L 


It follows that (11-07) holds for this /(®), and hence for all 
step-functions . By X X6 , if / 0*0 belongs to L x , and e >0, there 
is a step-function f x (sc) such that 

(11-073) j_ oo 1 /O) ~A («) l ^ < e - 

Hence 

(U-OW) 

I* 

foo , 1 f 00 1 — COS Jf . 

-J- - ^ f ' 

Thus since (11*07) holds for all step-functions such as ft, by 
(11*073) and (11*077), 


roo b if® „ 1 — cosaf Jf . 

^ Loo I /( *> - ? L /( * - * 

which is impossible unless (11‘07) is true for f(oc). 


dx < 2e, 
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Another lemma of the same type is : 

Lemma 79. If f{cc) belongs to M x , 

(11-08) 

lim f max f(<r)~~\ f (00 - p ) - ~ C ° S dp 1 = 0. 

a~»-co n~ “oo ^ J — co 

To begin with, let us suppose that /(») = a/(®)- In X 6S , let 
(a, 6) be (— 2A, 2 A). Let 


K (x, y, r ) — 


1 x — y 

-y 1 — COS “ ~ 

1 — r 1 — r 


v ’ nr (*-y) 2 ' 

Formula (4T2) is satisfied if # is interior to (— 2A, 2A), as 


2-4 x — y 

- 1 — cos ^ 

... 1 — r 1 — r 

Inn — 7 To — 

r^l *3T J^A (®—y) 


2 A—x 


j , . 1 f 1 r 1 — cos u 

dy = lim - K du = l. 

r-*»l TT J 2 A—% V* 


Again K is non-negative, and tends uniformly to 0 for 
\x-y\^e as r->l. Thus by X 56 , since f(x) is continuous 
by hypothesis, 

f 2-4 .. X — P 

1 — cos * 


l_ r | x cos y 

(11-085) fix) - lim — - f(P) — \ 

r-** I ^ J — 2A £ 


ZT^dp 


= lim - /(* - £) 
00 7 T j — 00 


1 — cos ap lf , 
“El —dp 


uniformly over any range interior to (- 2A, 2A). Furthermore, 
/ 3 A. 3 A. \ 

if # is outside and p lies interior to (— A, A), we 


have 


1 — cos a (pc — p) 2 8 

a(x-pf ^ a (|a? | — A) 2 ^ oA 2 ’ 


V J 

and hence if \x | > -^-and/(«) =jf(x). 




7 r a (| # j — A) 2 
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From this it follows that 

f-[¥ +1 ] co 

(1T09) lim -12+2 

*^co I *.= -00 »=[M +1 ]j 


max / 0-£> - ^ga ~ d % 


. -L s i +i ] . 

== lim 2+2 
“-^0° 1 n= -°° tt=[^+l]i 


1 f°° X, f\ 1 — COS a £ Jf 

max - f(x — $) so — ~d% 

77 <3 ^< 72 , 4-1 7T J —cc 


r-T-+il 

9 r co 1 L 2 J oo 

<- 1/(0 | dg lim iJ 2+2 f j , — | Jr, 

Tri-co Iy n= f^ +x lf (1^1“^) 

= const, lim - = 0. 

On the other hand, it is a trivial consequence of (11 ‘085) that 

m 

(1110) Km 2 

L 2 J 

max / ip) ~ | / (^ - — ~ ~~ ?2 — dirl = 0. 

n^x^n+1 7T J — oo I 

If we combine (11*09) and (11*10), (11*08) is the result. 

Again, as in (10*13), if /(a?) is now any function belonging 
to Mi, 

(1111) 1 max I if" 

n— — cc n^x^n+l | 7* J — oo 

2 f " 1 — cos ag Jf . ” ] j? / \ r 

<- — g ' — d% s max |/(«)|. 

7T J — oo —co n^ar^w-bl 

Thus if /(#) belongs to Mi, and g {x, A) is defined by 

g (x, A) =f(x) (l - ([#| < A); =0 (|*|>-4)» 
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since clearly 

CO 

(11*12) lim 2 max \f(x) — g (ac, A) [ = 0, 
(11*11) will yield us 

(11*13) lim 2 max 

oo n=—oo n^cc^n-fl 


_ i r°° 

7rJ- 


g(x-£,A)- 


i r°° 

i /<"-*> 

■7T J —oo 

cos af 


cosaf 


a? 


a? 

d% =0 




uniformly for 'all sufficiently large a. Since g(cc. A) belongs to 
a class of functions for which we have already proved (11*08) 
to hold, (11*12) and (11*13) complete the proof that it holds for 
every function f(x) belonging to M%. 


§ 12. Lemmas on Absolutely Convergent Fourier 
Series. 

Let f (x) be a continuous function with Fourier series 
(12*01) f( x )— 2 c n e ina> 

oo 

over (0, 27r). Let 

OO 

2 1 c n | = G < oo . 


We shall say that f(x) has an absolutely convergent Fourier 
series, shall write A for the class of all functions with absolutely 
convergent Fourier series, and shall put 

0 = A {/}. 

It is obvious that : 

Lemma 6 10 . If f(x) and g (x) both belong to A, so do 
f(a>) + g (a?) and f(oc ) g (go), and 

A {f+g)< A {f}+A{g}-, 

(12*02) A{fg\ < A{f) A{g). 

In the case of (12*02), let us note that if (12*01) converges 
absolutely, and if similarly 

(12*03) g(x)= 2 d n e inx 
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which also converges absolutely, then the double series we 
obtain by multiplying (12-01) and (12-03) converges absolutely, 
and may be rearranged in any order. Thus 

f(co)g(x)= 2 2 c m d n e i{m+n) * 

oo 

= 2 e n e inx 


where 


&n — 2 Cm d-n~m • 


<2 2 
— 00 »&= - 00 


Thus A{fg}= 2 2 c m d n 

n~ — co 

= I |o» i|4i .A{f)A\g}. 


Cm dn — m 


—oo 


We now turn to functions with absolutely convergent Fourier 
series, for which the term cq exceeds the sum of the moduli of 
all other terms. Such a function arises from an arbitrary function 
with absolutely convergent Fourier series on the addition of a 
sufficiently large constant. It can obviously have no zeros, as 
the constant term exceeds in modulus the sum of all other 
terms. As a corollary of lemma 6io, we have : 


Lemma 6u. If f(cc) belongs to A, and 
(12-04) r /(«)<*» >7rA{f}, 

J — 71 r 

then 1 if if) belongs to A . 


To prove this let us write the Fourier series of f(gc) as in 
(12-01). Then 
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so that by lemma 6i 0 , 
A {1 //} < r-i-7 \l + 


Co 




'oo -1' 

2 + 2 
Li -°oJ\C 0 


+ 


ri + 2 I ii^i 2 + ...i 

L 1 —coj Co I J J 


1 Co S 1 _ 

OO “I “1 

2 + 2 

__ X — 00 J 

M | c„| — i+ 2 1 1 c„ j 

Co ] Lx — 00 J 

2 I Co | — 

4{/i 

j 

f f(oo) dx - 7 tA {/} 

— 7 r 


Here all the series are convergent geometrical progressions or 
are dominated by them. 

Lemma 6 12 . If f (as) belongs to A, and g a bcd ( x ) is defined by 

x — a 


9 abed (oo) = o (-7 r-e^x^a); 


a 


(a x < b) ; 


QQ 

= 1 (b < x <; c) ; — t (c^x^.d); 

CL — C 

= 0 (d a? < 7r — e), 

t/iew _/(«) (i) belongs to A if a <b < c< d. 

The graph of g abcd (x) has the following form : 

( b A 1 C >1) 


-7T-e -7T (a,0) (ci,0) 7T-6 7T 

Fig. 1. 

As will be seen, it consists entirely of segments of straight lines. 

Lemma 612 follows from 610 and the fact that the rath Fourier 
coefficient of /(a) is of the order of magnitude of n~K 

Lemma 6 13 . If f(x) belongs to A, 97 > 0, and f(&o) — 0 , then 
we may choose e so small that 

A {f (x) g a; 0 — 2e, ar 0 — e, x 0 +e, * 0 + 2 e ( x )\ < V- 
There is manifestly no restriction in taking x 0 to be 0. By 
( 12 * 01 ), 

(12-05) 2 c n — 0. 
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00 

Let (*>)=£ 

. (x) by a Fourier integral, assuming it to 

— will be 


J 


2 cos ue — cos 2 ue 
n T 


v?e 


(12*055) 

n / r \ (p}™ 30 — 1 ) will be 

Similarly the Fourier transform of g «, * W ^ 

'2 (cos 


(12*06) 


/ 2 fc 
V ir{ 


(u — m) 2 e 


cos ue — cos 


— cos 2ue) 


u?e 


T 


■» itSii srsz'i <•;« 

w ill be finite, while, by X 18 , tbe in^egidi 
over (- oo , oo ) tends to 0 with e, as 


1 2 1 ^^-m) € -cos2^^ m) f _ oosu^^ue 

roo /2 I cos ( V - me) - cos 2 fo -^mg) _ 

= J-«>V - 




(•y — me) 2 

Thus by (11*08) in the proof of lemma 6 7 , it follows th 

2 \d n \ < const., 

where to constant is independent of *, and that 


lim ^ 1 1 

e~*-0 —CO 


Let us put 


/ws 5 .“*' 

Let JV be so large that 

2 | C n | + ^ 1 C w | < V- 
N - 00 

Let e then be so small that 

2 \d n - m -d n \<V 


,inv 
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for n < N. Then 


OO 

00 

00 


2 ] d n | 

= 2 

2 

m Cm 

—00 

%— —-00 

Wl “ —CO 



^ const. Tj + 2 

71— — CO 

oo 

^ const, t) -+- 2 

71 = — OO 


N 

2 d n — m 

771 — — N 

N 

d n 2 c m 

m— —JV 


oo N 

-f- 2 2 [ dfi — 77i, dji [ c m 

n— — oo m= — 2V r 


< const, 77 + const. 77 4- const. 77 = const. 77. 

[In the second term, we make use of the fact that 
jsr . -iNT-l 

S 2 C771, 2 c rf i — m 2 Om ^ 1 0 + 77 1 ~ 77, 

m=-N N+l 

which follows from (12*05).] 

Hence lim 2 | a n | = 0. 

►0 — 00 

Lemma 6 U . If f (x) belongs to A and f (x 0 ) =)= 0, then there is 
a function g (sc) coinciding with f {x) in some neighbourhood of 
x Q , belonging to A, and such that 1/g (x) belongs to A. 


There is no real restriction in taking x 0 to he 0. Let us define 
the function g a ud if) as in lemma 612, and let us put 

(12-07) g (*) =/( 0) +g.„, (*) (/(*) -/(0)>. 

In lemma 613 we have shown that we may make 
A {y_2e, «, 2e (x) (f(x) -f (0))} 

less than tj, by taking e small enough. If the A of a function is 
less than rj, the same is true of the modulus of each Fourier 
coefficient. Thus, by (12 - 07), 


I g ( x ) dx > 27 r /(0) — 2 tt 7, 

J —7 T 


while, by another application of lemma 6 13 , 

ir A {g} < irf (0) + TTTJ. 

Thus, in case 77 < /(0)/3, 

(12-04) will be true, we may apply lemma 6 U , and lemma 614 
will be established. 
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Lemma 6 15 . If f (x) has the property that whenever x 0 lies in 
(— 7 r, 7r), including the end points, there is an interval 

(x 0 — e, x 0 + e) (e > 0) 

and a function g (x) belonging to A, such that over (x 0 — e, x 0 + e), 
then f(x) belongs to A. 

By the Heine-Borel theorem we can cover the interval (— ? r, tt) 
by a finite number of overlapping intervals (x 0 — e, x 0 + e). Let 
these intervals be (a x , h x ), (a N , b N ), and let 

a 1 <b N — 2t r <a 2 <bx< a z <b i < a 4 <b s < ... 

< < bjy — g < a-jij < 1 < Ui 4~ 27T. 

Let (?& (a?) be the function <7 (a?) coinciding with /"(a?) over (a k , b k ). 
Then ^ 

/0)=^/0) g ak ,b k -.i, 

<*k+ 1 , && («) 

jV 

= 2 ( x ) I a, a, ilc-1, a k+l, 6* C®)* 

Here we put 

2tt 4- oto ~ ctjv, 2w 4- &o — ^n> = + ax, fry+i = 27 t 4- b\, 

and suppose all our functions to be of period 27 r. Our lemma 
follows from lemmas 610 and 612. 

Lemma 6j«. If f(x) belongs to A, and does not vanish any- 
where in (— 7 t, 7 r). Iff (x) belongs to A. 

This is an immediate consequence of lemmas 6 m and 6 m- 

Lemma 6x 7 . If f(x) belongs to A, and does not vanish in the 
neighbourhood of a and b, there is a function g (f), not vanishing 
outside (a, b), belonging to A, and coinciding with fix') over (a, b). 

We may assume without essential restriction that 

— tt <a<b< 7r. 

Let 8 be so small that if x lies in (a — 8, a), 

(12-08) \f(x) —f (a) | < § \f(a) |, 

and that if x lies in (b, b 4- 8), 

(12-086) |/(*)-/(&)|<||/(6)|. 
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This will always be possible, as f (x) does not vanish in the 
neighbourhood of a and of b. Let 


g (x) = exp ji ■ 


X + 7T 


a + nr — 8 


log 


/\ /•, x x — a + 8 , f(ct) a— x . ^ . 

9(P) =/<» (a-S<x^a) 

g(x)=f(xy, (a<x^b) 


1 / 0)1 

/O) 

y 


}-•}}; (- 


7r < x ^ a. — S) 


9 (p)~f (p) 


b—x-i-S t /*(&) a — & 
4- — 


I /7iN I 


; (6 < x < 6 + S) 


g (x) = exp jlog 

Clearly g ( x ) cannot vanish over 

(— it < x ^ a — 8) or (b < x ^.b + 8). 

If g (x) were to vanish over (a — 8, a), we should necessarily have 
the argument of fix) n r plus the argument f (a.). This would 
contradict (12'08). Similarly, in view of (12*085), g (a?) cannot 
vanish over (b, b +8). 

The function g ( x ) is the sum of a function with a bounded 
differential coefficient — and hence with an absolutely convergent 
Fourier series — with the function f*~ 

f{x)g a s, a , &,&+« {x), 

which belongs to A by lemmas 612 and 6 jo- Hence by lemma 610, 
g ( 06 ) belongs to A. 

Lemma 6 x S . If fix) and g (x) belong to A, and the zeros of 
g (x) are all interior points of a finite number of intervals over 
which f(gc) is everywhere 0, then f {x)[g (a?) belongs to A. Here we 
ha vef(x)/g (#) to be 0 when f(x) — 0. 

We may write (on consideration of lemma 617) 

(12-09) f(x)/g (x) =f (x)/h (x), 

where h (x) has no zeros over (— 7 r, 7 r), for we may modify g (x) 
in a finite number of stages so that it shall not vanish in turn 
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in each of the intervals over which f {x) is everywhere 0, without 
changing it outside these intervals, and may thus eventually 
obtain h(x). By lemma 6 i 6 , 1 /h(x) belongs to A, and thus by 
(12 09) and lemma 6io, f(®)/g (#) belongs to A. 

It is perhaps worth while to indicate the significance of the 
class A when we write our Fourier series in, the real sine-cosine 
form. Of course, if 

/(&•) = 2 c n e inx , 

— 00 

the absolute convergence of the series for f(x) is independent 
of x, and we may therefore define the class of functions with 

OO 

absolute convergent Fourier series as the class for which 2 | c n | 

— 00 

converges. In case we put 

00 

f (x) — Ogj 2 + 2 (a n cos nx -f b n sin nx), 
i 

we have for the sum of the absolute values of the terms of this 
series 

oo 

(12-10) J Oo/2 1 + 2 | a n cos nx + b n sin nx | 

= Co + 2 | On e inx + C-n e~ inx \ < 2 I c n \. 

1 -oo 

00 

This may however converge without 2 | c n ( converging, as in 

- 00 

the case where x—0, c n ~ — c_n. 

However, we have 

| e inX + c_„ e~ inx \ = \c- n + c n e 2inx \ 

^ | c n | J sin 2 nx j 
^ J c n j sin 2 2 nx 

and also >\c- n \ sin 2 2 nx. 

Hence j c n e inx + c_ n e -1 ”* [ ^ ! Cn IlL 1 °~ n \ sin 2 2nx 

I I 1 | C — in J . * 

= - (1 — cos 4inx). 
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Now let the series (12*10) converge to a limit L over a set of 
points 8 of measure greater than 0. Let 8(x) be the function 
which is 1 over 8 and 0 elsewhere. By the principle of bounded 
convergence, we may integrate 

8 (x) j| a 0 /2 1 + 2 [ a n cos nx + b n sin nx | j 
term by term between finite limits, and hence may integrate 
2$ (x) - ° n i -~L— — J (1 — cos 4 nx) 
between finite limits. Thus 

2 I H a I ±L^ il |m (S) — J 8 (x) cos 4 nx dx j- 
converges. Thus, by the Riemann-Lebesgue theorem, 

I Co] +X {[ c„ | + [c_ n |}{1 + 0(1)} 
converges, and hence 

CO 

(12*11) 2 \c n \ 

— OO 

converges. Thus if (12*10) converges over more than a null set, 
(12*11) converges. In particular, if the absolute convergence of 
a Fourier series is taken to mean its absolute convergence 
everywhere, it is equivalent to the convergence of (12-11)*. 

§13. The Proof of the General Tauberian Theorem. 
Let us return to the classes e(2) and e'(2). We have 
Lemma 6i 9 . The function K (x) of the class L\ belongs to a 
class e (2) when and only when 

(13-01) 

belongs to e (2) for all a. 

First let K belong to e (2). Then by lemma 65, (13-01 ) belongs 
to e(e(2)), and hence by lemma 61, to e (2). Conversely, let 

* Lemma 6 18 is due to A. Denjoy, £< Sur Pabsolue convergence des series 
toigonom4triques,’ , C. M. 155 (1912), 135-136; N. Lusin, “Sur Pabsolue con- 
vergence des s6ries trigonom^triques,” ibid. 580-582. 
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(13*01) belong to e (2) for all a. Then by lemmas 69 and 6 6 , K (x) 
belongs to e(te(2)), and hence to e(2). A similar argument 
depending on lemmas 7 ls 7 5j 7 6 , and 7 9 leads to: 

Lemma 719 . The function K (x)of M\ belongs to a class e' (2) 
when and only when (13*01) belongs to e (2) for all a. 

Lemma 620 (720)* If K if) belongs to 2 and has the Fourier 
transform k(u), which does not vanish over the closed interval 
(a, j 8 ), while (x) is a function belonging to L 1, and hence by 
lemma 67 to Mx, which has a Fourier transform vanishing over 
{a, ft), then K% {x) belongs to e ( 2 ) [or e' ( 2 )]. 

To begin with, if K 2 ( x ) has the Fourier transform k 2 (u), it 
follows, from lemmas 67, 6 8 [and 7 8 ], and 6 i 8 , that 

(13*02) 

k 3 (u) = k 3 (u) ^1 — j k (u) (M < d)i k 3 (u) = 0 ([ u\ ^ a) 

belongs to A for sufficiently great a, the class A now being inter- 
preted to refer to functions with a period 2 B (B > a), instead of 
27 t. It follows from 67 that k 3 (u) has a Fourier transform belonging 
to L x - However, k 3 (u) is a function belonging to L 2 , as it is 
bounded and differs from 0 only over a finite range. Hence its 
Fourier transform belongs to L 2 as well as L\- Let the Fourier 
transform of k 3 (w) be K 3 (— x). Then, by the Plancherel theorem, 

1 [ A 

k 3 (u) = 1. i. m. K 3 (x) e~ lux dx. 

A-^co V27 tJ—A 

However, as K 3 (x) belongs to Lx, 

(13*03) ^L= f 00 K z (x) e~ iux dx 

V27 r J -00 

exists for every u, and is almost everywhere equal to k 3 (u), by 
X41. Thus k 3 ( u ) is the Fourier transform of a function K 3 (x) 
belonging to Lx- 
The function 

(13*04) J JL (x- y) K 3 (y) dy 
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will belong to e (2) [Y (2)] by lemma 6 S [7 5 ]. Its Fourier transform 
will be 


— j e~ iux dx J JK (x — y) K s (y) dy 
If 00 . f°° 

= — Ks (y) e~ my dy K (x — y) e~ iu dx 

ZlT J —oo J - oo 

= k 3 ( u ) & (w). 

Thus, by (13-02), the function /c 4 (w), defined by 

&a(ti) = k 2 (u) _ (M < a); & 4 (w) = 0 (|«| a), 

has (13'04) as its Fourier transform. Hence, by lemma 6 8 , 

-*> *•<*>* 


where K 3 (y) belongs to L\. The lemma now follows from lemmas 
6w [or 7i»] and 6 S [or 7 S ], 

We are thus in a position to prove theorems 6 and 7. As the 
proof is entirely parallel in the two cases, we shall only consider 
theorem 6. If a < oo , by the Heine-Borel theorem, we may 
divide the interval (— 2a, 2a) into a finite number of overlapping 
intervals I n , in each of which the Fourier transform of some 
single function K\ (x) of 2 has no zeros. Thus by lemma 620 any 
function of Lx with a Fourier transform differing from 0 only 
over an interval interior to one of these intervals belongs to 
e (2). Now let K 2 (x) be any function of class L%. Let its 
Fourier transform be k 2 (u). As in lemma 615, we may write 

Jc 2 (u) (l - i^I) = f O) (l “ ~) 9a k , &*-!, «* +x , »*'(*) 

over (— a, a) where each term of the sum differs from 0 only over 
an interval interior to an interval I n . Each term is moreover a 
function with an absolutely convergent Fourier series, by lemmas 
610 and 612, and hence by lemma 67 has a Fourier transform 
belonging to Lx. By the argument of (13*03) and (13*04), it is 
therefore the Fourier transform of a function of class Lx, and 



THE GENERAL TATTBERIAN THEOREM 


97 


the Fourier transform of Jc 2 (u) ^1 — ■— J is the sum of these 
transforms. Thus 

is the sum of a finite number of functions belonging to e( 2 ). 
and hence belongs to e ( 2 ). Here we again introduce the 
argument of (13'03) and (13'04). Then, by lemma 619 , K z {x) 
belongs to e ( 2 ), and the proof is complete. 


; 14. The Closure of the Translations of a Function of 

L x . 

We have incidentally proved: 

Theorem 8 . If K \{x) belongs to Lx, and 


(14-01) 


1 r 


■ 7 = Kx {so) e iux dx =|= 0 

V27 r j —eo 


for all real values of u, if K z (x) belongs to Lx, and if e > 0 , then 
there exists a function K z (a?) belonging to Lx, vanishing for 
arguments of large modulus and such that 


(14-02) [ K 2 {x) — f Kx {x — %) (£) d£ dx 

J — 00 J — 00 


<! €. 


This will be clear if we reflect on our proof of theorem 6 , for 
we showed that K z (x) could be approximated in the sense of 
(14-02) by (13- 05), which we had shown to be representable in 
the form 


r Xxi*-QKt(S)de, 

J —00 


where K s vanishes for arguments of large modulus and belongs to 
. Lx‘ We now wish to prove that if Kx (x) and K s {x) both belong 
to Lx, then 


(14-03) lim 2 Kx {x — nrj) 

7)->Q J — 00 —00 J - 


f(rH~ 1)17 


K a {£)d£ 


' nrj 


j Kx {x - £) Kz {%)d% dx~ 0 . 
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The expression of which we take the limit in (14-03) does not 
exceed 

foo f 00 
J — ool — oo J nvj 

oo r(n-f* 1) v r°° 

\K 3 {%)\ d% \Kx(x-n v )-Kx{x-%)\dx 

— oo J nr\ J — 00 

[ |-Ks (£)| d% max [ | K x (x + |) — K x (x) | dx. 

J —co J — °o 

From Xis we get (14*03). 

We have thus established the direct part of 

Theorem 9. If Kx ( x ) belongs to Lx, and for all real u 
(14-01) ,L_- 1“ Kx (x) e iu * dx 4= 0, 

V 27 T j — O 


then if Kz {x) belongs to Lx, and e > 0, there exists an integer N, 
together with a set of real numbers A n and complex numbers A n 
{n — 1,2...., iV), 5 mcA £A,ai 

(14*04) f I K 2 (x) — S. A n Kx {x — A n ) dx< e. 

J —OO I 1 

Conversely, let Kx belong to Lx, and let it be possible, whenever 
K 2 belongs to L x and e >0, to find quantities JSF, A n and A n as 
above, for which (14*04) holds. Then (14*01) is true. 

As for the converse part of theorem 9, let 


(14-05) 

and let 
Then 


1 f° 

V 27 rJ~ 

-L(° 

f 2tt •' - 


Kx (x) e iu o x dx = 0, 


K-i (x) e iu o x dx 4= 0. 


| K z (x) — 2 A n K t (x - A n ) 

/-oo ~ ^ A n K x ( x - A n ) 

f K z (x) e iu o x dx 
J —oo 


dx 

e iu o x dx 


so that (14-04) is impossible for arbitrarily small values of e. 
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A more general theorem which we may establish in the same 
way is: 

Theorem 10. If X is a class of functions belonging to Lx, then 
the two following statements are equivalent: 

(1) There is no real number Uq for which (14'05) holds 
whenever Kx(x) belongs to X. 

(2) If Ki (ca) belongs to Lx and e > 0, there exist integers 
Nx, • • • , Nje, functions Qx (x), ... ,Q k (sc) belonging to 2, real numbers 
A n> j for j f.Jc, n^Nj, and complex numbers A n j for the same 
range of suffixes, such that 

/ CO k Njc 

K z (x)-X X A n>j Qj (x - A nJ ) dx< e. 

—a jzsl n~l 

We shall not give the proof of this theorem in full. It depends 
on covering the interval (— oo , oo ) by a denumerable set of 
overlapping intervals I in each of which the Fourier transform 
of some one function of X does not vanish, in such a way that 
any interval (— A, A) is covered by a finite number of intervals 
I . We then show much as in theorem 9 that if Kz(x) is a 
function of Lx whose Fourier transform vanishes except over an 
interval interior to an interval I, and Kx (x) is a function of X 
whose Fourier transform has no zeros on I, then an integer N, 
a set of real numbers A n and complex numbers A n (n= 1,2, JT) 
may be found such that (14*04) holds. The proof proceeds much 
as in the case of theorem 9. 

Once (14*04) is established for functions K a ( x ) with Fourier 
transforms vanishing except over individual intervals of I, 
(14*06) is an immediate corollary for functions Kz (x) with 
Fourier transforms vanishing except over some finite interval, 
for, as we have said, every finite interval is the sum of a finite 
number of intervals of I. By means of theorem 8 it is not 
difficult to complete the proof of the direct part of theorem 10. 
The inverse part proceeds exactly as in theorem 9. 

A complete formal proof is left as an exercise to the reader. 
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§ 15. The Closure of the Translations of a Function 
of L%. 

Theorem 11. If K x (x) belongs to L z , and almost everywhere 
on — oo <u< oo , 

(1501) l.i.m. — L=. f K x (x) e iux dx ={= 0, 
v ' a-».oo V2t rJ-4 

then if K z (x) belongs to L z , and e > 0, there exists an integer N, 
together with a set of real numbers A n and complex numbers 
A n (n = 1, 2, ... , If), such that 

(15 02) [ K z (x) — 2 A n K x (x — A n ) dx < e. 

J —a 

Conversely , let K x belong to L z , and let it be possible, whenever 
Kz belongs to I 2 , and e > 0 , to find quantities N, A n , and A n as 
above, for which (15'02) holds. Then (15*01) is true almost 
everywhere. 

The word “almost 5 ' distinguishes this theorem from theorem 9. 
It is extremely natural to find this distinction between the L 2 
theorem and the corresponding L x theorem, as the Fourier 
transform of a function of la is defined everywhere, while that 
of a function of L z is only defined “almost everywhere.” 

In the proof of theorem 11, we have the advantage that the 
theory of the Fourier transform is completely symmetrical in 
L z , which is not true of any other Lebesgue class. The class 
of Fourier transforms of functions of L z is L z itself, so that it is 
possible to translate theorem 11 into the following equivalent 
theorem: 

Theorem 12. If k x (u) belongs to L z , and only has a set of 
zeros of zero measure, then if Jc 2 (it) belongs to L z , and e >0, 
there exists an integer If, together with a set of real numbers A n 
and complex numbers A n (n — 1 , 2, ..., N), such that 

(15*03) J ( u ) — h x (u) X A n e iA n u du < e. 

Conversely, let k x belong to X 2 , and let it be possible, whenever 
belongs to i a , and e > 0, to find quantities N, A n , and A n as 
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above, for which (15 '03) holds . Then h x (u) has at most a null set of 
zeros . In this translation we have made use of the fact that the 
integral of the square of the modulus of a function is equal to 
the integral of the square of the modulus of its Fourier transform. 

Now, as to the proof: let r) > 0, and let A be so large that 


(15*035) 



r + i 

H 

m 

— QO J 



|&2(w)j 2 dw< 7]. 


Let f(u) = k z (u)jh i (u), 

and let B be so large that 


(15*04) 



|/2}0)&i(M) 


— kz (ii){ 2 dw < rj. 


We can find such a B, since \ f B (u) kx (u) — k z (u) | 2 is a sequence 
decreasing everywhere and almost everywhere tending to 0, so 
that by monotone convergence, 

lim [ \fs(u) ki (u) — kz (w)[ 2 du = 0, 

J — co 


Let it be noted that we have here made use of the fact that 
(u) has at most a null set of zeros. 

It will result from (15*035) and the definition of f s (u) that 


(15*05) 


): 


-A f co' 

+ 

co J A 


\f B (u) kx(u)\ 2 du<7). 


Combining (15*05) and (15*04), we have, by the Minkowski 
inequality, 

(15*06) f l^iA-AfB O) kx(u)\*du <417. 

J —CO 


Let g (u, G ) be equal to jf s (u) over (— C, G), where G > A, and 
let it have the period 2(7. We have 



\jJ-b («) h O) - g (u, G) kx (m)| 2 du 

= 2 jj" \jfz (A fa (u + 2 nC)\* du 

+ f \ A f s (u)ki(u—2nG)\*du 

J~° _ c J 

|&i (u)\*du + I? 2 J jAri(w)| a dw. 
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Let G be so large — as is clearly possible — that 

f 1 a/s ( u ) Jet (u) - g (u, C) Jc x (u) \ z du< v . 
J -00 

Then, by (15*06) and the Minkowski inequality, 
(15*0'7) f \k 2 (u)—g(u,C)ki(u)\ 2 du<9r}. 

J -oo 

7 rinu 

Let g (u, <7)~S a„e 0 . 


Clearly a n ■ 

Accordingly 


icf-c ff< ' u ' cr>e 


mnu 
' ~C~ 


du. 


N / 

2 (1 

-N \ 


\n 

~N 


) 


Trinu 

,~c 


± e \[ < C!{v,OdvZ r (l - W) 


irin (v - w) 


|2(7 
rC \ xr 




irin (v — u) 


However, we may readily verify that 


N / 
2 (1 
-N \ 


l£| 

N 




sir 


Nx 


t mx . 


5s 0. 


sir 


This verification may, for example, be made by mathematical 
induction. Hence 


(15*08) 


7 Tinu 

a..-* <aj! 0 [ 5 (i-^) ! 


irin (v — u) 

US' i - 


c dv 


Again, 


-* 2BG. 


i rinu 

jja^co-s 
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which tends to zero with increasing N. Thus we can find some 
sequence of values Nt of N for which 

nil iu 

^ d n 6 ^ ’0 

for almost all values of u. It follows by dominated convergence 
[in view of (15*08)] that we may choose JV* so large that 

y I I — 

g(u,G)h(u)- 2 (l- &]a n e 0 h{u) du<r) } 
and hence, by the Minkowski inequality, because of (15*07), that 

vr > . irinu 

00 / \n\\ ~7r 

h(u)~ 2 il-—]a }l e 0 hi(u) du< 25^. 

-oo -Nk \ ™kJ 

Thus if 97 = e/25, we have established the existence of an 
inequality such as (15*03). This completes the direct part of the 
proof of theorem 12 , and hence of theorem 11 . 

As to the inverse part, if fa (u) vanishes over more than a null 
set, let Jc 2 (u) - 1 over a part of this set of positive measure, and 
0 elsewhere. Then 

GO N 

Jc 2 (u) - hi (u) 2 A n e iA * u du 

-00 1 

is at least equal to the measure of the set where k 2 (u) = 1 and 
&i (u) - 0 . Thus (15*03) is impossible. 



if* 

g{u,G)~ 2 

-St 
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SPECIAL TAUBERIAN THEOREMS 


§16. The Abel-Tauber Theorem. 

The first theorem to be known as Tauberian was proved in 

00 

1897 by A. Tauber*. It asserts that if 2 a n x n — f(x) converges 

for 0^a?<l, if a n — o(l/n), and if/(#) tends to s as #-*-1 from 
00 

below, then Sa n = s. It is therefore a conditional converse of 
o 

00 

Abel’s theorem, which asserts that if 2 a n converges, then 

oo oo 

lim 2a n cc n =2a n . 

*->•1-0 o o 

The unconditional converse of Abel’s theorem is false. For 


example, 2(— l) n diverges, yet 
o' 

00 1 

2 (— x) n = =— - 
0 l+so 

for | x | < 1, and this tends to as However, Tauber’s 

conclusion holds under assumptions concerning a n less restrictive 
than those of Tauber. The fundamental theorem here is due to 
Littlewoodh. Littlewood’s theorem is : 

OO 

Theorem 13. Let 2 a n x n converge to f(cc)for \oc\ <1. Let 

(16'01) lim f(oc) = s 

*->i-o 

oa x tends to 1 along the real axis. Let n | a n \ < K < oo . Then 
(16-02) 


00 


2 a n =s. 

o 


* A. Tauber, “EinSatz aus der Theorie der unendlichen Reihen.” Mcmatshefte 
f. Math. 8 (1897), 273-277. 

t J. E. Littlewood, “On tbe converse of Abel’s theorem on power series.” 
Proc. Land. Math. Soc. (2), 9 (1910), 434-444. 
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To begin with, let us put 

N M 

s(x) = 2 a n . 

We have t 

I M 

(16-03) \s(x)-f(e x )\ ■■ %a n (l-e x )~ 2 a n e 

£«] + 1 

«'!?!+ S 5,-s 

0 ^ & [VH-l w* 

u 

%co -~du 


n 

X 


K+K 


f oo 

iw 




1 

# > 


roo 

< 3 -ST + K er u — = const. 

J 1 M 


However, y(e a: ) is bounded for 0 «$# < oo . Hence s{x) is 
bounded. 


How, 


/(r*) = SM‘ 


by X^. Hence 
(16-04) 


=/, 


/•co 

e~ vx ds (u) 

/ - o 

x&~ ux s (u) du 


s — lim cce~ ux s (u) du 
X 0 Jo 


£->*coJ — oo 


/: 


lim / 1 


s(e v )e y ’d7]. 


Let us put 
We have 




e~£ 


r 

J — oo J — oo J 0 


Formula (16*04) becomes 

lim [ K^-^s (e n ) drj—s [ K x (£) £?|, 

J — oo J — co 

where ^(e - 1) ) is bounded. Furthermore, 


1_ 
V27 r 


P £i(S) »-**<«- 

J —co 


1 f 00 

- 7 = x^e-^dx 

v27rlo 


= _L=r(l + m) + 0. 

V2tt 
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Thus the hypothesis of theorem 4 is satisfied, and if we take 
(16-045) #*(£> = 0 (£<0); Kt($) = ere (£>0), 

we get, by (10-04), 

r co r oo 

(16-05) s = s e~id£ = s I JT,(£)d£ 


l*oo f oo 

( = s JT, (£)<*£ 

JO J — oo 

== lim f K 2 (% — y)s (e") dy 

co J —co 

= lim [ e v ~ £ s (e n ) dy 

£~*>. 00 J — OO 


= lim - \* s(y)dy. 
»-*.«« JO 


It follows that, if X. > 0, 
(16-06) 

(l+\)s-s_ .. 


‘d+M* 


f as 

(y)dy-\ s(y)dy 

Jo 


J rd+A)a> 


5 (y) dy 


lim 4s ( x ) 4- — 

aj-^co \ 


1 r(l+\)x 


{s (y) - s (as)} dy \ . 


Now 


1 fd+*)* 


{s (y) - s (x)} dy ^ . 


1_ rd+A)^ m k 

x [x] +1 ^ 


w+i O] O'] 

for sufficiently large values of x. Hence, by (16"06), 

lim | s ( x ) — s ] < 2 XAT, 

X ■—>" CO 

and since X is any positive quantity, 

(16‘07) lim | s (a?) — s [ = 0. 

X OO 

This is, however, merely another mode of writing (16 ‘02). We 
have thus completed the proof of theorem 13*. 

An extremely simple proof for this theorem has been given by 
Karamataf. It proceeds as follows : if (16‘04) holds, and K z (£) is 
any function of L x for which we can find for any e > 0 a polynomial 

(16-08) P n (£) = 2 a h 


Cf. Schmidt 1; Wiener 2. 


t Karamata 1. 
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such that j K z (x) — P n (£) | d% < e, 

J — oo 

then, by lemma 66, 

Too r co 

(16-09) lim K z (%-r,)s(e')d v = s\ K s (£)dg. 

Now, we know by the famous theorem of Weierstrass on 
polynomial approximation that if f (x)jx is any continuous 
function of x over (0, 1), we may uniformly approximate to f(x) 
over (0, 1) by a polynomial of the form 


X ka-kX 1 ^. 

i 


Thus, if P n (x) is defined as in (16-08), * 

J —CO 

= [ f(er*) — '2,ka t e-** 
Jo 


1 1 


f(y) 


— X lca k y k ~ x dy 

f(y) 


h — 1 


^ max — - ■ X Jca k y 
o«y<i V i 

It follows that if 

(16*095) Kz (f) = eSf(e-*’% 

where f(x)jx is continuous over the closed interval (0, 1), (16"09) 
will hold. Now let us take 


Ks(£) = 0 (£<-e); 


(-«<*< 0); 


Kz(Z) = e~t a>0). 

If we define f(x) by (16*095), clearly will be continuous at 
any interior point of (0, 1). However, over the interval (0, e ~ e * ), 


/O) 


x 


will be identically zero, and in the neighbourhood of 1, 


f(x)Jx will be identically 1/x. Thus (16*09) is established. 
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Furthermore, if we take as the function defined in 

(16045), clearly 

lim ^ \K s (£)-K^)\dZ = Q. 
e-»- 0 J —oo 

Thus, by another application of lemma 6 6 , (16 - 05) will follow, and 
we may complete the proof of theorem 13 as above. 

Let it be noted that ELaramata’s proof avoids any reference to 
the Fourier transform of K z (£), because the particular form of 
K z (£) makes a reference to the Weierstrass theorem possible. 
However, we have seen in theorems 11 and 12 that in the general 
case, it is not possible to discuss problems of closure or complete- 
ness analogous to those of the Weierstrass theorem without 
entering a region where we find necessary and sufficient conditions 
depending on the distribution of the zeros of the Fourier trans- 
form of a certain kernel function. Thus the Karamata methods, 
though far simpler in the cases where they are natural to apply, 
cannot be expected to have the scope of the methods of the last 
chapter. 

In the hypothesis of theorem 13, we may replace* the condition 
of the boundedness of na n by the apparently weaker condition 

(1610) na n > — K. 

We shall then have 


/(« *)-/(« •-« *) 

0 

M -I - — cs*] 

= 2 a n (e x — e x ) + 2 a n (e 
0 {>] + ! 


■« *> 


+ 2 a n (e x — e x ) 

[2b] +1 

^ — 2 1- 2 a n (e~ 2 — e~*) — 2 — (e~ l — 2e~ 2 + e -4 ) 

o n cc [*]+i M+i n 

n 2n 

00 ZT — 

'O X X 

— 2 — e — e . 

[2*]+l ft 


Gf. Landau X. 
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Here we have made use of the fact that e~ x — e~ 2x has its maxi- 
mum at x — log 2, and is decreasing over (1, 2). 

It follows from this and (16‘01) that 


lim '2' a n ^ _ 2 - - z.-j \K+2K (e -1 - 2e~ 2 + e“ 4 ) + K\ — du \ . 

Here the last integral enters as in (16‘03). Combining this with 
(16*10), we see that there exists a Q independent of JSf, such 
that 

aw 

2 a n <Q. 

JSr+i 

It follows that 

(16*11) 2 ~ 'i %p ”5 , tel 

v 2 a n e = 2 a n e + 2 a n e + ... 

M +1 M -f-1 [2a?] +1 

<Q(e _1 + e _a + e“ 4 + ...) 

[2*1 [4*] 

+ 2 a n (e — e -1 ) + 2 (e — e~ 2 ) + . . . 

[V]+l [2a?]4-l 


>+-m 


2iV 


2 a n 

< q. 

W+l 

[2*3 

n 

- - [4*3 

2 a n e 

+ 2 <Z n 6 

M+i 

[2*3+1 


Q 

«rv- e +e ' 


[* 3 +i n \x / 

a 2 2 2 2 s 


(2-iUr* f E 

/ [2*3+1 n 


(;-«)+"■ 


Q _/l 2 2 3 2 3 \ 

< l + ~e + K \e + i 2 + ? + ^ + " V < const * 

Similarly, 

(16*12) 2 a n e x ^-Q(e~* + e - i + ...) 

[2*3 -- [ 4*3 - - 

+ 2 a n (e x — e~ z ) + 2 (e 35 — <r 4 )-f... 

[*3+i [ 2 * 3+1 

> const. 


Hence 

[ 

Since f(x) is bounded. 


2 a n e < const. 
M+i 


( 16 - 13 ) 


< const. 
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Hence, if f = 2x, 


2 G&n ^ 


Cfl — g 

2 a n e 5 
o 


L£J c ~ o~ 

2a n e ^ — 2 a n e 2 

0 (js3 "HI 

C2»] ■ • =- 

sg const. + 2 a M e za; 

M+i 

and hence, by an argument similar to that of (16*11) and 
(1612), 


2a n e 


It follows that 


(16*14) 


M 

2 a n (Se 
o 


< const. 


2e ®) < const. 


Here we should notice that over (0, [x]), 


2# 


2e ®>1. 


From (16*10) and (16*13) it follows that 

[*] [*] - - M - - 

2 £? w = 2 Ct/ n 6 4" 2 X n (1 6 ) 

0 

> const. 2 

oc $ n x 

^ const. 

Similarly, it follows from (16*10) and (16*14) that 


C f a w =2 3 a re (Se 2x ~2e *) + Sa^l + 2e x -3e 2x ) 
0 0 0 

K tel l n 

< const. + — 2 

2x o n, x 

< const. 
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Thus s (cc) is bounded, and we may proceed as before to (16*05) 
and (16*06). Thus 

I f(l+A)* 

lim s(cc)^s - km rr, {s (y)-s(x)}dy 

CO V. oo /w * j X 


<S + r— 
A X 


i f< l+A >* i m k 


dy 2 - 

C*]+i n 


< s •+■ 2 AST, 

and since A is arbitrary, 

(16*15) lim s (a;) *5 s. 

£-*-0O 

Again, we may write (16*06), 

f I r(i+\)» } 

5 = iit>r( a; ( 1 + X )) + ^ J* { s (y) -* -s (# (1 4- X-))} dyj- , 


so that 


lim s (x) 2s s + lim 


X fd+A)* 


{s (a; (1 4- A,)) — s (y)} dy 


X rd+A)* [(i+A)*] j£ 

>s — — dy 2 — 

Asr J a, M+i ^ 


> s — 2\K, 

and since X is arbitrary, 

(16T6) lim s (x) $s s. 


Combining (16*15) and (16*16), we obtain (16*07) or (16*02), and 
have established : 

00 

Theorem 14. Let 2 a n x n converge to f(x) for \x\<\. Let 
(16*01) lim f( x) — s. 

x-a-l — 0 

Let 

(16*10) na n > — K. 

Then 

(16*02) 2 a n — s, 

o 
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§17. The Prime-Number Theorem as a Tauberian 
Theorem. 

The present section and the three following will be devoted 
to the application of Tauberian theorems to the problem of the 
distribution of the primes. The theorem which we shall even- 
tually prove is the famous theorem of Hadamard and de la 
Vallde Poussin*, and reads: 


Theorem 15. If r r(u) is the number of primes not exceeding 
u, then 

(WOI) 'W-Gjh- 

Here the symbol A (n) ~ B (n) is taken to mean that as w-*-oo , 

A (n)/B (n) 1. 

As the first step in the proof of theorem 15, we shall establish: 


Lemma 151. , 7 r ( n ) = 0 ( n ). 

Let pi, P 2 , ... be the (finite or infinite) sequence of prime 
numbers. Clearly if we take any sequence of p\p 2 ■■■ p n con- 
secutive integers, 

(17 02) Pl p z ...p n 

of them will not be divisible by any p k (Jc = 1, 2, . . ., n). We may 
see this if we subtract from p\p 2 --.pk the number of integers of 
the interval divisible by one _p*, add again the number divisible 
by two distinct p% s, which have been subtracted twice, subtract 
the number divisible by three p% s, and so on. This will give us 


PlPi • • • Pn 


(l-2 — 4-2 — 

V Pk PjPk 


-2 


+ 


PiPkPi 

each sum being taken over all combinations of distinct indices. 
This however is identically (17'02). Thus ultimately 


,(»>/•< ft (i-i). 

00 

and if the product II (1 — l/pA diverges to 0, lemma 15 x is 
established. 1 


* Cl. Landau 2; A. E. Ingham (forthcoming Cambridge Tract on the Distri- 
bution of Prime Numbers). 
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On the other hand, let the infinite product converge. Then 

(17*03) £ 1/pk < go . 

This is however impossible if tt (?i)/n does not tend to 0. For 
let •jr{n)^An for an infinite sequence of values of n. Then, for 
an infinite sequence of values of n, 

Pn < nJA , 

and £l Ipk^A/Z, 

[«/ 2 ] 

which contradicts (17 '03) if A > 0. 

Let us now introduce the number-theoretic functions, 

(17*04) or ( u ) = 7 r (u) + \ ir (u%) -f- -J7r (u&) + ... , 

and A (n), defined by 

A (p k ) = log p if p is a prime and k is a positive integer ; 

A ( n ) = 0 if n is not of the form p h . 

These functions are considerably more regular than it (ri), and 
it is of advantage to transform (17 *01) into a form concerning 
them. 

We may easily see that i r (ri) = 0 if u < 2, so that (17*04) is 
really a terminating series, with the last non-zero term deter- 
mined by the highest integral root of u to equal or exceed 2. 
Thus we have 


(17*05) 

I or (u) — 7T (ri) | = 


r7 r 


(u&) + 


7T 


( _ logu \ 

V exp [log ujlog 2 + 1]/ 
[log ujlog 2] + 1 


^ [log ujlog 2] 
= 0 (jui log u ). 


From (17*05) and lemma 15x, it follows that 


(17*06) ■or ( u ) = o (w). 


The result to be established in theorem 15 becomes 




n 

log n 5 


(17*07) 


or (ri) 
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as rib log n is of smaller order than n/log n. This may again be 
written 

(17-08) lim 157 (^) lo g K = x. 

W-»- oo -lV 

Now, by (17-06), 

lim — — = lim -rp o (l)du = o(l). 

jVr^ooiYJo W oA Jo 

Thus we may write (17 -08) 


i- (' -sr(A)logiV r 1 [^ -zr(u)du ) 
#_ool -ar i^Jo m j ’ 


or, upon integrating by parts. 


1 = lim prp 


^J o lo gud*r(u) 


1 y 

= lim -=rp S log % (•nr (n + 0) — -rar («, — 0)). 

JV~»-oo -tV ri= 1 

However, as sr(w) is continuous except for a jump of 1/v at 
every point p v , where p is a prime, we have 

A ( n ) = log n (tzt (n + 0i) — ■& (n 0)). 

Hence theorem 15 will be established if we can show that 


(17-085) 


lim -jL 2 A ( n ) = 1. 

iV-^oo -tV n~l 


Let us now consider series of the type 

CO rpTb 

(17-09) 

These series are known as Lambert series, after their eighteenth 
century discoverer*. Formally such a series is equivalent to 

(17-10) S 2 a m , 

n~l mjn 

the coefficient being the sum of all coefficients a m for values of 
m that are factors of n. This is a result of the fact that 


(17-11) 


= x m + cc 2m + x 3 ™ + .... 


Cf. K. Knopp, Unendliche Beihen , §58 C* 
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In case the coefficients a n are such that 


2a n x n 


converges for { x [ < 1, it is easy to see that for | x \ <1, (17*09) 
will converge absolutely, and that the rearrangement which 
yields (17*10) will be legitimate over the same range. In 
particular. 


2 A( 

„=i J l-x n 


— 2x n 2 A (m). 

1 m/n 


Now let 


n = p£i pz * a . . . pj°v , 


where pi, ... ,p v are primes and kx, ...,k v positive integers. The 
factors of n for which the function A will assume a value other 
than 0 will be 

Pl , - • *» PZ } PZ 5 • * • J Pz'Z j • • • , Pv J Pv , • • • ) Pv' V • 

The result of applying A to these factors will be 

log pi , log pi , logpi; lo gp 2 , log p%, ..., log p^, ...; 
log Pv, log p v , ..., lo gp v . 


Thus 


2 A ( m ) = kx lo gpx + k 2 log^> 2 + ...+k v 1 ogp v = log n. 

mjn 


Hence 


2 A (ri) = 2 x m log m. 

! ' 1 — x n i ° 


By Abel’s lemma on series, 

00 oo gsm gsm+X 

2 x m log m = 2 log m — = 

1 s i & 1 — « 

00 

= 2 [log (m + 1) - log ?m] 

= — —— 2 log (l + — ) x m 

1 — o$! & \ m/ 

• spL+o^yi 

= -2— [log + 2 0 (—^) a 
l—x\_ & 1 — x 1 ymrj 
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Let us now put . - und let us multiply by - f. We have 

TZ) jgk - h (i - ^ - ? 0 ® H ' 

_ . , • _p 4 - lues cjpviAs on the two sides are. 

The formal derivatives ot the senes 

respectively, 

(17TS) 




d ( n%e~ n£ \ _ 
Ve^-iy 


CO .(l~n& e- n£ (e- n£ - 1) + nge~ 2n ! 
2 A (n) “ l o-n.^ _ 1 \2 


and 

(17*14) 




(1-e 


(e- n£ -iy 

co e -a»f — e~ n£ 4- n%e- n % 

= 2 A (n) (e~ n i — l) a ’ 

^[logd-e-O-foQe-™*] 

+ iflL \-^-i - S o (i) e- mJ l . 

+ i _ e -f |_1 - er* i W J 

Tor £ > 0, the series of (17-13) is dominated by an expression 

of the form ^ 

const- X A (ri) n%e~ n£ , 

i 

and converges uniformly for £>.. Thus (17-13) may be inte- 
grated term by term, or what is the same, the left-hand senes 
of (17-12) may be differentiated term by term. The same is 
clearly true of the right-hand series, as (17-14) converges uni- 
formly for £>e. Hence 

co d n?e~ n£ S » ( .. e-^-e- n£ + n^e- n£ 

? A WSf?fcTi A( " ) (*-*-*? 

- [l«g (1 -«-*) + f 0 (J?) ] 

. %£l f e ~— + X 0 (— ) e~ m£ \ 

+ T3i=l[_ l-<r* i \m) J 

= 0 (1) [0 (1 log © + 0 (1)] + [1 + o (f)] [g + o (1) + 0 (log f)J 

= i/f+oao g f) 
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as f->0. It follows that 


(17*15) lim ^XA(n) 

i 


e~ 2n ^ - e~»? -f- nger** 


Let us put 


ff(y) = 


(e~ n s - 1) 2 

A (n) 


1. 


n 

Then (17-15) assumes the form 

g-2>jf _ e -’!f 4- V g e -v£ 


dgQogv) 


= ) j?Jo vS (r*-l f 

oo at (^Q—2ey~ x g—eV-x _j_ giz—as g—elf-zy 


lim 

X-*~co 


/: 


(e—»-* - l) 2 

This is of the form of (10*06), if we put .A = 1 and 

e~ x ( e~ 2e ~ x — er e ~ x 4- e~ x e~ a ~ 2r ) 


dg{y). 


Rx(x) = 

and remember that 


r oo r o 

I Ki (x) dx = 

J -oo JO 


°o g-~ 2 £ _ g— f -f. f 


(e-^-1) 2 

» r± (*el\ 

Jo dg\e-t- 1) 


d£ 




= lim -_y- 
l-a-o 1 — e * 


1. 


The function K x (x) belongs to .Mi, and is always positive. 
For this we have only to prove that if f > 0, 

e -2f _ e -f 4- £g-f ^ o, 

or that e — ^ > 1 — f:, 

which is a well-known inequality. Furthermore, g (y) is mono- 
tone increasing. Thus 

(17T6) 1 = lim f 

a?-*~co J — c 


K x (x-y)dg(y) 

-00 

fa?+ 1 

Km K (pc — y) dg (y) 

as-^-oo J j? 

rx+1 

lim min \K(u)\ j dg (y). 
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From this we may readily conclude that for — oo < x < oo there 
exists a K such that 

fsc-t-1 . . 


(17-17) 


rx 4-x 

f d^(y) 

J a? 


< • 


For this we have only to remember that this integral is from its 
definition hounded for any finite range of a?, and vanishes for 

x 2 . Combining these facts with (17T6), the result is clear. 

If we remember that g is monotone increasing, we see that 
(10'05) is hounded. Hence in case there is no real u for which 

(17-18) 0 = 4- P Zi <«> e ~ iu * dx 


7 TJ -co 


1 f 00 (J£t- 

' VWjtJo d£\e ~ s - 1 


■) % iu d£, 


(10-07) follows for any K 2 (*) belonging to Ml In particular, let 

(x) — 0 (-oo<ic<-e); K 2 X {x) = °~- (-e<x< 0 ); 
Ku.(x) = e- X (O^x); 

K 23 . (x) = 0 (-oo<*<0); = (0<a?<e); 

K&(x) = e- X (e<»). 

TOO 

We have I -^21 (#) doc = 1 + e/2 , 

J — 00 

f 00 ^: 22 (flf) ^ = *r‘ (1 + e/2). 


Kn{x - y) dg (y) 


(10-15) thus becomes 

1 + e/2 = lim P K^{x - y) dg (j 

fl5-»»0O J — 00 

= lim { [ e y ~ x dg (y) + [ 

£C-*-00 (J —00 d X 

5= lim | e y ~*dg ( y ) 

X-s^-OO J — 00 

1 riv 

= lim ^ ^^(log »?) 
jsi^oojy Jo 

= lim 2 A (n), 

JV-^oo -tY »=1 


#4-e P 


e — 2 / + # 


^(y) 
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and 


e~* (1 + e/2) = lim K^{x — y)dg{y) 

iC-3^00 J — CO 

= lim I f e y ~ x dg (y) + f ^ e~ e dg (y)l 

3J-3»-CO \ J — CO J X — € £ ) 

= lii §-J~ ds dg ' w 

< lim f e y ~ x dg(y) 

J -CO 
1 " Y 

= lim Tj. X A («.). 

A n= i 

Since e is arbitrarily small and since, as e-*-0, 

1 + e/2 1, e~* (1 + e/2) -*■ 1, 

1 °° 

it follows that 1 ^ H m j~ X A (n); 

iV -^-00 iV » = 1 

1 =$ lim ^ S A (n). 
iV »=1 


This is however impossible unless 
(17-19) 


1 N 

1 = lim 2 A (?i), 

-cV n=l 


iV-^co 


which we have shown to be equivalent to theorem 15. 


§ 18. The Lambert-Tauber Theorem. 

The only gap remaining in our proof of the prime-number 
theorem is the demonstration that the function in (17T8) has 
no real zeros. This function is 


(i8 - oi) vfer 


= lim — — 
a^-o V 2-tt ■ 


.. iu + X r°=pi«+* e -t 

lim ^ -r 

A-»-0 V 2 7T Jo 1 — e £ 
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/ _i_ "x r oo 

= lim — - =- (e~S + e~ 2 £ + e~ z % + . . .) di: 

A-9-0 V 27T - o 


- * u LAJ | / 

= lxm 
a-*»o v2?r 




“ia rry + ^-«? 

Uo 

j V +i e- f dg + —L* JJ P“« g-s di + . . . 


= lim F (m + A, + 1) 2 

A-»-0 V27T i 

= lim iu ±y r (iu + A + 1) £ (iu + A 4* 1), 
4 a -*"0 v 2 tt 

where £(u) is the Eiemann zeta function, defined by 


(18*02) £ ( w ) = 2 Ti- 

lt will be noted that 


(.RO) >1). 


(1803) 




converges and defines an analytic function of w for R (w) > 0. 
We shall assume it to be known that 1/T (u) is an entire function, 
and that T (u) has simple poles for u — 0, — 1 , — 2, ... and no 
other finite singularities. It will then follow from (18*01), (18‘02), 
and (18*03) that (w — 1) £ (w) is equal to an analytic function 
which has no finite singularities for R (w) > 0, and that we may 
hence continue f (w) analytically over this region. It will be free 
from any singularity other than a pole of order 1 at w — 1. This 
pole will actually exist, for otherwise we should have 

00 00 

oo > lim X n~ w — n~\ 

tc-*-l+0 1 1 

which we know to be false. Thus by (18*01) the non-vanishing 
of (17*08) is equivalent to the non- vanishing of £ ( w ) for R (w) = 1, 
and this is what we now have to prove to complete the proof 
of the Hadamard-de la Valine Poussin prime-number theorem 
(theorem 15). 
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Let us note that if R (w) > 1 , 

£(w) = 2^=1 + . . . p w -**° 

= (I +2~ w + 2- 2w + ... + 2 -*i«+ 

(1 + 3 _w + 3 _2w + ...)(1 +5 -w + 5~ 3w + ...) ... . 

1 

~ (1 _ 2 ~“) (1 - Z~ w ) (1 - 5~ w ) ...(1 -p- w )... 

= n (i — v 

p 

where the product is taken over all primes. Thus 
(18’04) log £(w) — — Slog (1 —p- 7 ™) 

-2.1V 


= X( : 

P N 


W l -P 


_p-® + 


+ 


3»' 


3io 


+ 


-) 


SA {n) _ 
i logw 


We now wish to establish 
Lemma 152 . Letyix) be a monotone increasing function, and let 

’dy (pc') = (f> (w) 


\ x ' 
J1+0 


converge for R (w) > 1 . Let 

F (w) = e* (M > ( w — Vf [0 < A < 2 ^] 

when continued analytically, be regular for R (w) = 1 , and let it 
not vanish for w— 1 . Then F (w) will have no zeros for R (w) = I. 

It will follow from this lemma — which is in essence due to 
Hadamard *, that if we put 

t v fe ] A(») 

' i ' (!C)= ?i3r» ; 

< P (w) = log £(«>); 

F(w) = £(w)(w- 1 ); 

A — l, 

then £ (w) cannot vanish for R (w) = 1 , and thus the proof of 
theorem 15 will be complete. 


* Landau 2, p. 166. 
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Now, as to the proof : let ns notice that 

(1805) 0 < (1 + V2 cos <f>) 2 = 1 + 2 \/2 cos <£ + 2 cos 2 <jf> 

= 2 + 2^2 cos <p + cos 2(f>. 

Again, from, the regularity of F (w), it follows that 

(18 - 06) (f> (w) + A log (w — 1) 

is regular for JR (w) = 1, except for logarithmic singularities 
where the real part of (18'06) grows negatively infinite. These 
we shall call negative logarithmic singularities. The point w = 1 
is a regular point of (18'06). 


roo 

Now, JR ( <f> ( w )) = x~ R w cos (/ (^) i 0 g dy 

J 1+0 

so that, if v is real, 

fOO 

JR(d> (1 + e + iv )) = aj-d+e) cos (y i Q g dy ( x ); 

Jl+0 

* 

roo 

JR (<f> (1 + e + 2 iv)) — J x~ (1+t) cos (2v log x) dy (x); 


1 1+0 

roo 


and <f>( 1 + e) = [ x~ a+,) dy (oc). 

J 1+0 

Thus, by (18 05), 

2<f> (l + e)+ 2 V2R (<f) (1 + e + iv)) + JR (<f> (1 +e+2 iv)) 
f 00 - 

= 1 d3- ( i+«> (2 + 2 V2 cos (y log x) + cos (2v log x)) dy (x) > 0. 

J 1+0 ^ v " ; 

Hence 


JR ((f> (1 + e + iv )) ^ — 2~i (f> (1 + e) — 2 ~%JR<f> (1 + e + 2 iv), 
and, if e < 1, 


JR ((f (1 + e + iv')) . <p (1 + e) | JRcf) (1 + e + 2 iv) 

log e log e log e 

As e tends to 0 from above, JR<f> (1 + e + 2 iv) /log e remains positive, 
while 

(f) (1 + e)/log e -s — A. 

Thus 


(18-065) 


177 ^ -^(<j>(l + e + i m;)) 
«-»-+0 log 6 


< 2~% Ji < 


1. 
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On the other hand, F (w) is analytic for w — 1 + iv. This means 
that there is a positive or zero integer n such that 

lim ' 


(18-07) 


■4-0 


where B is finite and does not vanish. Hence, if 4= 0, 


log B — lim (log F (1 + e 4 iv) — n log e) 


= lim (<£ (1 4 e 4 iv) 4 A log (e 4- iv) — n log e) 

'* i) * 

= A log iv 4 lim (<£ (1 4 e 4 iv) — n log e). 


If we divide hy log e and proceed to the limit, this gives us 

\ iOg € ) 


or 


lim gW I± l±jg» = R lim *< I 1 + ° + *” ) = n. 
log e <?-M) log e 


€-*•+0 e 

If we combine this with (18*065), and remember that n is an 
integer, we see that it can only be 0, and by (18*07), 


lim F (1 4 e -f- iv) — B. 

<f-9-+0 

Thus 1 4- iv is not a zero of F(w), and hence F(w) can have no 
zeros for R (w) = 1. This establishes lemma 15 2 , and completes 
the proof of theorem 15. 

The history of the application of Lambert series to the study 
of the distribution of primes is rather interesting. The particular 
series most studied by Lambert, and known as the Lambert 
series, is 

(18*08) X — - = x 4- 2a? 4 2a? 4- 3# 4 4- 2 a? 4- 4a? 6 + ..., 

i 1 — os n 

where the coefficient of x m in the equivalent power series re- 
presents the number of distinct factors of m, including 1 and m 
itself. This is 2 when and only when m is a prime, and so much 
hope was at one time placed in this series as a due to the dis- 
tribution of the primes. This hope has been characterized by 
Knopp * as “recht verfuhrerisch” — thoroughly misleading — and 


* Knopp 1. 
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indeed (18'08) itself has proved sterile of results in prime-number 
theory. This has also been, the case until recently with Lambert 
series of more general form. In 1921 Hardy and Little wood* 
proved the first positive result concerning the relation between 
the theory of the distribution of the primes and the theory of 
Lambert series. They established that the Hadamard-de la 
Vallee Poussin theorem (theorem 15) was deducible from the 
following Tauberian theorem concerning Lambert series; if 
na n > — E, and 


00 


lim X 


na , 


t x n (l — cc) 


C V" 


A, 


then Xa n —A. This theorem however they did not establish auto- 
nomously, although it was established as a corollary of a theorem 
proved by Landau by methods somewhat more difficult than 
those required for the Hadamard-de la Valine Poussin theorem. 

The method of this chapter and of previous papers by the ’ 
author f may also be viewed as the reduction of a Tauberian 
theorem on Lambert series to a known theorem in prime-number 
theory — in this case, to lemma 15 a , which allows us to show that 
the function %(w) has no zeros on the line R (w) = 1. This has 
always been recognized as the crucial step in the proof of theorem 
15, although generally it has been associated with some very 
mild proposition as to the behaviour of the Riemann zeta function 
at infinity. This we shall see in the next section. However, there 
are extant proofs of theorem 15 in which the sole non-elementary 
property of the Riemann zeta function which comes into play is 
its non- vanishing on the 1-line J, and to that extent we may say 
that the logic of the proof given here does not really go much 
further than that of the Hardy-Littlewood paper. The one claim 
which may legitimately be made for the methods of the present 
chapter is that they furnish an independent method of reducing 
theorem 15 to a lemma of the type of 15 2 . 


* Hardy and Iiittlewood 1. 
t Wiener 2, 4. 

X CL the discussion of this point in A. E. Ingham’s forthcoming Cambridge 
Tract on the Distribution of Prime Numbers. 
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§ 19. Ikehara’s Theorem. 

One of the most straightforward methods of proving the prime- 
number theorem depends on a lemma due to Landau*. This 
lemma reads as follows : 

Landau’s Lemma. Let 

(19*01) F (x) = X anil-*, \Li{x) >1], 

71 — 1 

and let 

(19 02) cc n >®, [n = l, 2, ...]. 

Let F (x) be analytically continuable on to JR (x) = 1, and let it 
there be free from singularities, except for a pole of order one at 
x = l, with principal part A j(x — 1). Let there be some finite a for 
which 

(19*03) F(x) — 0 (|a?| a ) 

in the right half-plane JR (x) > 1. Then 

(19*04) A = lim — Xu*. 

oo ^ 1 

To apply this to the demonstration of the prime-number 
theorem, we take (18*04) and differentiate it term by term, as is 
legitimate for JR (w) > 1, for a uniformly convergent series of 
analytic functions may be differentiated term by term at an 
interior point of the region of uniform convergence. If we change 
the sign, we get 

— (w)/£ (w) = X A («.) n~ w . 

i 

Furthermore, we have seen that a constant B exists (it is 
actually 1) such that 

K (w) - Bj(w - 1) 

is analytic at w = 1. The same is consequently true of 

?(w)+B/(w-lf. 

From this it immediately results that 

-r («)/£(«»- i/(«-i> 

is analytic at w—1, so that — t? (w)/£(w) has a pole of order 
1 at w— 1, with principal part l/(w — l). 


* Landau 3. 
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We shall not set forth the proof of the fact that 

satisfies (19-03), inasmuch as we shall show that this condition 
may he dispensed with. Actually much more is known, and it 
has been shown* that if R (s) ^ 1 and | s | is large, 

m <olog “ J - 

The proof that F(x) satisfies a condition as lenient as (19-03) 
offers very little difficulty. Condition (19‘02) is of course fulfilled. 

Assuming then that Landau’s lemma has been established, 
and that £' (aj)/£(a:) has been demonstrated to satisfy the hypo- 
thesis, we see that (19 "04) becomes 

(17-085) 1 = lim IIa(»). 

oo -tV n=l 

We have however already established the equivalence of this 
with the Hadamard-de la Vall6e Poussin theorem. Thus we have 
an alternative demonstration of theorem 15. 

It will be seen that condition (19‘03) is a very weak restriction 
on F(x), and is not apparently germane to the subject at all. 
Landau’s lemma cannot be regarded as in a satisfactory state 
until either (19 -03) is shown to be the weakest restriction on the 
order of F{x) that is sufficient to guarantee the truth of the 
lemma, or else the true restriction is found. In this sense, the 
following theorem of Hardy and Littlewoodf may be regarded 
as an advance on that of Landau. 

The-Hardy-Littlewood Theorem. Let ~K n be an increasing 
real sequence. Ret (i) the series 2a n X. n ~ s be absolutely convergent 
for R(s) > <r 0 >0} (ii) the function F(s) defined by the series be 
regular for R{s)>c where 0 < c ^ a 0 and continuous for R (s) > c, 
except for a simple pole with residue g at s — c; 

(19-05) (iii) jF’(s) = 0 (e GH{ ) 



* Landau 2, vol. 1, p. 179. 
+ Hardy and Littlewood 2. 
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X&4 


for some finite G, uniformly for cr^c; 

(iv) — i *■ 1 ■ 

(v) a n be real, and satisfy one of the inequalities 

a n > S-'K rL c (fn , a n < K A ra c 1 (A e — A n _i), 

or complex, and of the form 

' 0 {Xn 0-1 fan “ X^_x)}- 

Then 

(19'06) A. n = a-i-\- a%-\- ... + a n ~ gXiffc. 

Here we take 

s — a 4- it. 

In the case where c = <r Q — 1, A n — n, K— 0, g — A the lemma 
reads : 

Let (19'01) and (19*02) hold. Let F (x) be regular on JR (x) = l, 
except for a pole of order 1 at x — 1, with principal part A/(x— 1). 
Let (19*05) hold for some finite G, uniformly for cr^l. Then 
(19*04) holds. 

It will be seen that (19 *03) is replaced by the weaker condition 
(19*05). The real truth however is that the proposition last 
stated is true without even this weakened hypothesis concerning 
the order of magnitude of F (s), and that any such hypothesis 
may merely be cancelled. The true theorem is that of Ikehara*, 
and reads as follows when stated in its Stieltjes’ form: 


Theorem 16. Let a (x) be a monotone increasing function, and 


[ x~ u da (x) = f (u) 

J 1+0 


converge for JR (u) > 1. Let 


(19*065) 


f( u )~F L7T = 9( U ) 


converge over any finite internal of the line M (u) = 1 uniformly 
to a finite limit as JR (u) -*-1 + 0. Then 

a(N)~NA 

as N go . 


* IkeHara 1. 
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To prove this, let us put 

£ (£> = a (eO + j V* a (e f ) c££ - 

for £ > 0. Thus 

(19-07) ^/3(IO = e“^«<> f )-^£ 

Let us assume — what is no essential restriction — that 
(19-08) /3(^) = /3(+0) (-oo^<0). 

Then the g ( u ) of (19*065) becomes 

9 (u) = f e0-~ u ^d(3 (£), [B (u) > 1]. 

What we wish to prove may be written 

(19-085) lim P e^d/3 (g) = 0. 

rj-^oo J — oo 

If e > 0 and rj is real, we have 

(19-09) J* (l — 9 + e + 1) ^du 

= (l - I — da J°° e-^d/3 (£). 

As this double integral is absolutely convergent, it becomes 
(19-10) f °° e~ e * dp (£) f * _ (l - 1^) £) du 


Now, 

(1911) 


Thus 


■X 


J" e-UlfKM)^ B {l - 

~-j 

lim J ^1 — 9 (iu + e 4- 1) e iur >\du 

g (iu -+- 1) e iUr) du. 


IJ? 


liin 
€ ^> 0 

exists. Furthermore, 


j: 


00 2 (l-cosB(^-g)) 


B(v — £) ! 


e~*d/3(£) 


(19-12) lim f ” 2 (1 gy~ f)) e-*Ad( 


■/ 0 


„ f °° 2 (1 — cos B (77 — £)) 

Jo 




Ad% 



SPECIAL TAUBEEIAN THEOREMS 


129 


by bounded convergence. Hence, by (19-07), 

£5 /„" «-"*** “ £ > 

exists. If we remember that e~ s da (£) is non-negative, that 
is monotone increasing to 1 for each positive f as e— >- 0, and 
that 

2(1 -cos -gfr?- g» 
we may apply X39, and obtain 


> 0 , 


(19'IS) J„“ 2(1 — e- s da(e0 


lim P 

e-*-0 JO 


2 (1 — cos B (77 — £)) 




Combining (19‘12) and (19-13), we obtain 


lim r 

e-»-0 J - 


2 ( 1-00 


B(v-Pf 

_ f" 2 (i - cos ^ (2 ~ £» rn 

~J-=o B( V -Z)Z d{3{ ^’ 

in view of (19*07) and (19-08). Thus, by (19'09), (19T0), and 
(19-11), 


( 19 - 14 ) J* (l— li)^ ('i ,u ~ >r T-)e iUr, du 


-I! 


2 (1 — cos B (97 — £)) 


* (* - ^ 


c2/5 (f). 


Thus by (19-07) 

2(1— cos _B ( 77 — f )) 


I! 


e~* da (f) 


-£(*?- 1) 2 

= 2 77- A -i- j” ^1 — -Lgr^ y (m + 1) e iuri du. 
As e — f da (f) is non-negative, if B < 7r, 

J" 7 e~Sda (e£) < ^ |2-n-A + J —^^\g(iu + l)\du 

< 00 , 




WFI 
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and since a is monotone, it again follows from (19*07) that ' 

By the Riemann-Lebesgue theorem and (19T4), 

2 (1 — cos Bfy — %)) 


lim I 
J - 


B(v.-ZT 

Moreover, the Fourier transform of 

2(1- cos B%) 

Be 

is 


d/3 (£) = 0. 


i{ m<* 


= 0 if | u j > B. 

There is no value of u for which this vanishes for all B. We may 
thus apply theorem 7, which yields the result that if iT a (f) 
belongs to then 

(19-15) lim P K 2 (j) - £> d/3 (£) = 0. 

TJ-^-CO J — 00 


Proposition (19’085) is the particular case of this for which 
(19-16) JT, (*)-«“* (£ >0); K* (f) = 0 (£ < 0). 

This was however the result to be proved. We have thus 
established theorem 16. 

The generalized form of the Landau theorem corresponding to 
theorem 16 is obtained by taking for a ( x ) a step-function constant 
between integral arguments. It reads : 


Theorem 17. Let (19*01) and (19-02) hold. Let F(x) be 
analytically continuable on to R (x) — 1, and let it there be free 
of singularities , except for a pole of order one at x = 1, with 
principal part Aj(x — 1). Then (19*04) holds. 


In generalizing the Hardy-Littlewood theorem I have been 
unable to eliminate (iii) without strengthening (iv). If we re- 
place (iv) by (iv'), X n — \ n _ x is bounded; we have 


Theorem 18. In the Hardy-Littlewood theorem , conditions (i) 
(ii), (iv') } and (v), without (iii), are sufficient for ( 19*06). 
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A less stringent substitute for (iv) is 

(iv") 2 (K. - X n -i) 2 K^i < °° • 

This theorem is not so obvious as the corresponding Landau 
theorem. We may suppose without real restriction that all \ n 
exceed 1. Let us put 

a(x)^ t a ft V“ c ; 


v. = s + 1 — c; 
crx — cr 0 + l — C. 


( 19 - 165 ) 

Then (i) asserts that 

foo 

(19T7) x~ u da(x)=f(u) = F(u + c — 1) 

J l-f-0 

converges absolutely for R ( u ) > cr x ■ Proposition (ii) asserts that 
f (u), when continued analytically, is free from singularities for 
R (u) > 1 , and is continuous for R ( u ) == 1 , except for a simple 
pole at u — 1 with residue g. Proposition (v) implies that either 
a (x) is real, and satisfies one of the conditions 


f 


71 + 1 


(19T8) [ da (x) | — a (n 1) + a (n) 

J 71 


<2 K 


or 


f 


n+1 


(19T9) \da(x)\ + a(n+l) — a(ri)< 2K, 

J 72 , 

or complex, and satisfies the condition 


(19-20) 


rn+l 

\da(x)\<K 
J n 


for some constant K. In case (19-20), if R (u) > 1 + e, 


f 


n+l 


j | x~ u da ( x ) [ < Kn~ 

J 71 


- 1 — e 


and (19*17) converges absolutely for R (u) > 1, as we see by 
comparing it with the series 

00 rn+l co 

2 { x~ u da (x) | < K 2n~ 1_e . 

1 J« i 

In case (19'18) we may write 

a (x) — a x (x) + a z (x), 


9-2 
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132, 


where 


«i (®) = £ (« («) + J i+o I <^a (£) |) ; 

«2 («) — £ (a (a?) - I da (£) 1^ . 

Then a x (a?) will he monotone increasing, while 

rn+1 rn - hi (roe 

(19-201) \dcc 2 (x)\=i I d -} 1 |da (£)\-a(x) 

J 7i J n \J 1+0 

Since the expression under the outer d on the right side of 
(19'201) is monotone increasing, this gives us 


fn+1 . rn+l ( rtc 

\da % (x) = £ dj \da(^)\~a{x) 

J n Jn Ul+0 

/ / -^+1 

~4|J | da (<r)| — a(n + l) + a(n) 


<K. 

Thus, as in case (19'20) with a (x), 


(19-202) 


r 00 

x~ u da 2 (x) 

J 1+0 


converges absolutely for JR (u) > 1. As a x (x) is increasing, 


(19-203) 


r oo 

W 


x~ u dai ( x ) 


is a decreasing function of u. We know that (19"203) converges 
for JR (u) > cr x . Let cr x be the least value of JR (u) for which this 
is true. It follows that 


For, if u is real, 
(19-21) 


f°° 

lim I x-™da,\ (as) = oo 

£■— a^-CTj^ + 0 J 1 + 0 


oo r 2 n +i 

—nu I 


2 2 
71=0 


J: 


2 n 


da x (x) 


converges or diverges with (19‘20), and bears to it a ratio some- 
where between 1 and 2 U , inclusive. However, (1921) is a power- 
series in 2““ with non-negative coefficients, and such a series 
must converge up to a real infinite singularity of the function 
it represents*. Thus the function represented by (19"20) must 
have an infinite singularity on its ordinate at the abscissa of 
* Landau, Neuere JSrgebnisse der Funktionentheorie (2nd edition). 
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convergence, and, a, fortiori , must have a singularity at the real 
point with this abscissa. 

The left-most singularity on the real axis is however < 1. 
Thus, the abscissa of convergence is < 1, and a x — 1. It is not 
here necessary to distinguish between a (so) and a x (sc), in view 
of the absolute convergence of (19-202) for R (u) > 1. 

Now we have established in cases (19T8) and (19‘20) that 
(19T7) converges absolutely for R(u) >1. Case (I9T9) is quite 
like (19T8). From now on, we shall devote our attention to case 
(19T8). Let us put* 

OS 3 (sc) == 2 { &n X^) e 4' R- (Xn A^, — l)}* 

This is a step- function whose jumps occur at sc — X n and are of 
magnitude + K (X n — X n - x ). We wish to show that 

(19*22) f x~ u da s (x) 

J 1+0 

also converges absolutely for R (u) > 1. This amounts to showing 
that 

X\ n u {a n X n 0 + K (X n — X»-i)} 

converges for R (u) > 1, and by (19T65) and condition (i), to 
showing that 

(19-23) (\„ - \ n _i) = ir (u) 

converges for R (u) > 1. That this is the case, however, results 
from the fact that (19-23) is dominated by the integral 

J°° A-“dA = l/(u- 1) 

which converges for R (u) > 1. 

We have 
(19-24) 

* (u) - 1 1(u — 1) = e(u) + 2 \(X n - X n - X )X^ - f , 

2 t J A *— 1 ) 

where e (u) is an entire function. The expression under the 
2 sign does not exceed in modulus 

(X n - X*_x) (X~? x - X~ u ) <u(Xn- Xn-xf X-.Y 1 , 

* Here we take >4 to be 0. 
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by the theorem of the mean. In view of (iv'), this is dominated 

by -u-l 

Const. Vj (X,j, — l) ^71—1 > 

and (19*24) converges to an analytic function for R (u) > 0. Thus 
(19'22) converges for R (u) > 1, to a function which, when 
continued analytically, is continuous on R (u) = 1, except at 
u~l itself. At this point 

f 00 

or* da 3 (x) — Kyjr (u) 

Ji+o 

has a simple pole with residue g , and by (19*24), (19*22) has a 
simple pole with residue g+K. The function a 3 (x) is monotone, 
and we are in a position to apply the methods of theorem 16, 
substituting a 3 (x) for a (x). 

We showed in the discussion of theorem 16 that the hypothesis 
is a sufficient condition for (-19*15), whenever belongs to M x . 
Instead of the of (19*16), let us put 

(£>0); K 2 (f) - 0 (f < 0). 

The appropriate /3 (£) will be 

a s (e^) e~% + [ e~%a 3 (e?) d£ — (q + K ) f 

Jo 

for £ > 0, and we shall have /3 (£) — (3 (+ 0) for £ < 0. We have 
established that 


(19*25) 

0= lim P K,( v - %)dB (£) 

7]-*- VO J — £30 

= lim [ e 0( £~ 7)) {e~£ da 3 (e%) — (g + K) d£} 

7) VO J 4*0 

- lim ,-4r -(£+£)(?!=!> I 

v-s^co ( J 14-0 0 J 

= lim itr* X [a n \l' e + K(\ n - A„_ a )] X^ 1 - (1 - v~*) 

= lim ix^ c 2 a n + KX& 2 (X n — X n -i) \ c n 1 — (1 — Xj^ c )l - 
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However, this is true for any sufficiently large K. Thus by 
combining two equations such as (19'25) linearly for different 
values of K , we see that we have separately 

lim \\f i (X n - A n _!) xr 1 - - (1 - Xf)\ = 0 

W-9-C0{. I C ) 

and lim a n — - (1 — A^- C )i = 0. 

JV-*.oo ( ■ 1 0 ) 

It follows that, since gfO, c=f 0, 

1 o c 

i v q _ 

and hence that 2 a n ~ - Xf , 

x o 

which is identical with (19'06). Thus we have established 

theorem 18 in the case (19'18). The case (19T9) follows 

immediately by replacing a n by — a n , and the case (19‘20) may 
be reduced to either of the above cases by a separate consideration 
of real and imaginary parts. 

If we combine lemma lo 2 , and theorem 16, we obtain the 
following interesting theorem: 

Theorem 19. Lety(x) be a monotone increasing function, and let 


x~ w dy (x) = (w) 

Xl+0 

converge for R (w) > 1. Let 

F(iv) = e*™(w-l) A , [0<AL<2*], 

when continued analytically, be regular for R ( w ) = 1, and let it 
not vanish for w = 1. Then 

1 ( N 

A = lim \ogxdy (x). 

XV-3-co IV J 1+0 


For let us put J 
Then, if R(u) >1, 


> log gdy(g) = a(x); 
-<f> '(u)=f(u). 


roo roo 

x~ u da (x) — «r u log xdy (x) 
J 1+0 J 1+0 


x~ u dy (x) = —<£>' (u) = f (u). 
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Again, log F ( u ) — <f> (u) + A log (u — 1), 

so that — F' ( u)/F ( u ) = f{u) — A/(u — 1). 

This function is analytic for R (u) — 1 , by lemma 15 2 , so that it 
converges uniformly to a finite limit over any finite interval 
of the line R (u) = 1 as R ( u ) -*■ 1 from below. Thus the 
hypothesis of theorem 16 is satisfied, and 

A = lim a - ^p- = lim i f \ogxdy(x), 

N-^oo Jy N-*~ 00 -iv J i-f-0 

which is the desired result. 


If we put 7 (cc) = nr (x), 

then e 4>lu) = ^(u), 

and the hypothesis of theorem 17 is manifestly satisfied, 
conclusion then becomes 


The 


1 C N 

1 = lim log x d'sr (x), 

N^-ooJy j i+o 


which we have already shown to be equivalent to the prime- 
number theorem. 

We have thus shown in two distinct ways that the prime- 
number theorem, in the form due to Hadamard and de la 
Vallee Poussin, may be reduced to Tauberian form and thus 
established. This might lead to an expectation that the more 
refined theorems on the distribution of the primes may also be 
reduced to Tauberian form — in particular, those theorems in 
which the Kiemann hypothesis is assumed. The author does 
not expect much from Tauberian methods in this wider field. 
It will be noticed in theorems 4 and 5 that in order to prove 
that a certain expression approaches a limit, we assume 
hypotheses which are trivially sufficient to secure its bounded- 
ness. That is, the whole refinement of the Tauberian method 
serves the purpose of changing an 0 into an o. In the case of 
theorem 15, that is all that is needed, for it may be proved by 
elementary — though not trivial — methods* that 
or 

log n 


-(n) 


O 


(—) 
\log n) ’ 


log nj 

Landau 2, vol. 1, pp. 71-97. 
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or, what is the same, that 

’ r( “)"°Gogn)' 

while theorem 15 asserts that 



In the ease of the more refined theorems involving the Riemann 
hypothesis, such as 

71 

(19-26) 7r (ji ) - = o (w a ), (i<«< 1), 

the 0 proposition will be practically as hard to establish as the 
o proposition. In the case of (19*26) it will be 

7r(n )-~ — = 0(0, 
log n 

and to establish this is to establish more than 

^ ~ = 0 (cc< (3 < 1). 

To establish this proposition for every a properly between 
■| and 1, and for every /3 properly between a and 1, is identically 
the same thing as establishing (19-26) for every a properly 
between -J- and 1, and a Tauberian theorem here serves no 
purpose whatever. 

Another way of looking at the matter is that a Tauberian 
theorem depends on the Fourier transform theory, which is a 
chapter from the theory of the functions of a real variable. We 
are thus confined to operations along a single line, — in the case 
of prime-number theory along a single ordinate in the plane of 
the Biemann zeta function. The more powerful methods of 
complex function theory allow us on the other hand to work 
in a whole strip of the complex plane — the critical strip of the 
Riemann zeta function. We may therefore proceed in one leap 
across a band of ordinates, and arrive at such a proposition 
as (19-26). 
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§ 20. The Mean Square Modulus of a Function. 

Theorem 20. Let f (x) be a measurable function for which 

( 20 - 01 ) 

is bounded in T. Then 

(20-02) f dx< oo. 

J - oo X i~ Co 


For if we integrate by parts, 

f-‘ !/(*)!*.». 


< 2003 > 

- La (it?) !■<«]<*■ 


2J. 1 I* 

1 + A 2 2 JJ _ 




< raa L l/(e »* 4 1" s r.j^ 

« + 4 tan ~ 1 hm sup j_ y l /(«) I 2 dx 

1 f r 

<(1 + 27r)limsup 2 ^J | /(.'»)| 2 doo. 


1+ J. a 2d 


(1 + a 2 ) 2 2a; 

cZa; 1 

0 1 -I- a; 2 2a; 

1 f 7 , ,, 


r i/(oi *<? 

J -x 

r i /(*>!■# 

J -05 


Thus if (20‘01) is bounded, the function which is f (, x)jx for 
ja;{> 1 and 0 for ja;j^l belongs to Z 2 , and, by the Plancherel 
theorem, 

(20-04) s x (u) = Li. m. i [T + P 1 dx 

A-*- oo V 2tt L. 1 J -AJ ' i ' a} 

exists, furthermore, f (a?) is summable over (— 1, 1), and 


(20-05) 


1 fl a—iux _ 

s 2 (u) = -L, fix)- — 

V 27T J -1 W -M 
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exists for every u. Thus the function 

(20-06) s(u) = si(u) +Sz(u) 

exists for almost every u. 

We have 


(20*07) s (u + e) — $ (u — e) 

1 f A 

= /(«)• 


AXe , 


o—ixe 


4-* AJJLi > -■ I 

A-* CO V27T j -A 


IX 


e -iux 


■■ 


f 




J-s^co V 27 T J -A" " ' # 

Thus s (zt + e) — s (u — e ) is the Fourier transform of 


m 


2 sin ex 
x ' 


and, by the Plancherel theorem, 

(20*08) 

|s {u+ e) —s(u — e)J z dx J 


1 f 00 

47T6 J-co 


/(*) 


, sin 2 ex 

x* 


dx. 


The right-hand side of this expression may be regarded as a 
weighted average of \f(x)\ 2 , for 


1 f 00 sm 2 e* 7 1 f 00 sima; , - 

— — o dx—-\ — T ~dx=l. 

7T£ J —oo XT 7T J - oo X 4 


- oo 


As e-^0, the weighting becomes more nearly uniform over the 
interval (— oo , oo ). It becomes natural to inquire as to the 
relation between 

(20*09) lim -^[ |/(#) | 2 dx 

T-*-<a A1 J _ T 

and 

(20-10) limij” 

e-M) J —co & 

We shall prove the Tauberian theorem : 


Theorem: 21. If <fi (x) ^ 0 for 0 < x < oo , and either of the 
limits 

(20*11) lim L[ (f>(x)dx 

T -* oo -l JO 
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or 

(20-12) lim — 

TTG J 0 CL 

exists, then the other limit exists and assumes the same value. 

Thus (20*09) and (20T0) are completely equivalent, and we 
have as a corollary (in view of 20*08) : 

Theorem 22. Let f(x) be a function for which (20*01) is 
bounded in T. Let S\ (ii) be defined as in (20*04), s% in) as in 
(20*05), and s(u ) as in (20*06). Then we shall have 

(20*13) 

lioa I* I s (u + e) — s (u — e )| 2 du — lim ^Tn f \f(®)\ 2 d%, 
e-j-o 47reJ _co T-*~oo a-L J -cp 

in the sense that if either side of (20*13) exists, the other side 
exists and assumes the same value. 


We now proceed to the proof of theorem 21. There will 
clearly be no restriction in supposing that </> (a?) == 0 for x < 1, in- 
asmuch as over this region <f> (x)/T and 2<f> (x) sin 2 exj (nr ex 1 ) tend 
monotonely to zero (the latter for sufficiently small values of e), 
so that, by “monotone convergence,” 

2 


lim 

jP-^oo 


M> w 


dx ■■ 


lim 

€-3M) 


ire 


f 

Jo 


sm 2 ex 


x“ 


dx — 0. 


We shall accordingly suppose <p (x) to vanish over (0, 1). 
Let us now put 

x — e$; T=e v = e~ 1 ', <f> (x) = (£). 

The expression (20*11) becomes 

(20*14) lim P ^ (£) d£, 

7]->*QO J -00 

and (20*12) becomes 
(20*15) lim 


7J-*-QO 


f° - 

J _ oq 7T 


2 sin 2 e£ -7) 


* (£) df. 


7 r et-v 

If either (20*14) or (20*15) is finite, we may conclude by a 
reasoning' similar to the argument of (17*16) that 

1*71+1 

lim '$'(£) dg< oo. 
n-^-oo J n 
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The function (f) is summable over any finite range, and 
vanishes for negative arguments. Thus, as in (17T7), 

rn + 1 
J n 

is bounded. Hence if we put 

g (£) = j ^ (rj) dr), 

J o 

s in ce is non-negative, we have 

rn+ 1 r»+ 1 

l^5 r (l : )l=5 r (^ + l)-^(w) = ir (£) d% < const. 

J J n 


We wish to show that the two propositions 


(20*16) 

lim 

J 

[ dg (v) — A \ 

r 

and 



(20*17) 

lim 

£-**oo 

1 » - y) dg (,v) — A J 

— oo 


are equivalent, where 

•2i(£) = 0 (-»<£< 0); Kt{& = er* (0<£<oo) 


and 

Let us notice that 


Kz (£) — — e s sin 2 e - £. 

7T 


f° Ki(&dS=re-*d£= 1 

J -CO JO 

and that f° (0 = = ■ - P «f sin 3 e~f 

J —co 7T J — oo t 

2 /' 00 sin 2 i» 7 7 

— — — «— dec = 1. 

7 TJ o iT 2 

Thus, if (20*16) and (20*17) are equivalent, the two propositions 


(20*18) lim JTi (£ - ,) dg ( v ) - -4 

£->-co J — co 

and 

/•oo 

(20*19) lim K z (£- v )dg( v ) = A 

£—■*■00 J — oo 

will be equivalent, and we shall have established theorem 21. 
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To show the equivalence of (20T8) and (20T9), we invoke 
theorem 5. The kernel j clearly belongs to M x , and has a 
Fourier transform differing only by a constant factor from 


gf (i-iu) s j n a e —§ fig 



In the first integral, we now deform the path of integration into 
the half-ordinate extending from e to e 4- i co , and in the second, 
into the half-ordinate extending from e to e — ice . The integrand 
will in each case be of the order of x ~ 2 at infinity, so that the 
integral along the quadrant from a large positive value of x to 
a large imaginary value will tend to 0 as the radius becomes 
infinite, and the deformation of the path is legitimate. We have 


[ s j n 2 g-f fig 

J — oo 

= lim i (e 4 
£-*-0 Jo 


1 _ 

0 + iy) iu ~ 2 7 dy 


lim j U (e 4 iy ) iu ~ 2 
<?-^o Jo L 


roo 

— * 0 -iyY 

J 0 


X _ g 2 (— ie y) 


1 _ g2(*-y) 


X g2(— te— y) 

■i (e - iy) iu ~ 2 ^ 


Upon integration by parts, this becomes 


( 20 - 20 ) 
lim iP 

e -»-0 U 0 


(e 4 iy)™- 1 e z(ie ~ y) (e — iy ) iM_1 e 2i ~ u ~ y) 
iu—1 2 iu — 1 2 


iu — 1 


e 
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■which, similarly. 


■oo 


= lim \ [ 

e- 9-0 UO 


(e + iy) iu , 2 (u-y) _ ,( e _ e 2(-«-2/) 


dy 


+ t: 


,j.u— X ' 

sin 2 e-j- sin 2 e}- . 

m 1 


iu (in — 1) 

We may now proceed to the limit by the principle of dominated 
convergence, and (20-20) becomes 


fo 


V %u _ (tfu — (— i) iu ) e~~ y dy 

(i 2 -e 2 )2-* 


7T24 7TW 

_ r + D (e~ - 2 9.-**- 1 . 

-w (wt — 1) 


■which does not vanish for any real u ‘ , does no t belong 

The function K x is discontinuous, and hence does n 

to Mi. The functions 

(20-21) 2r(£,e) = -j { 


f—0] (£<-«) 

1 - e-£~ e 


0 £ 


€ 

l~e~ 


(- e < £ < 0) 

( 0 <£) 


% 

do however belong to Jfi. Their Fourier transforms are 

J_f“ !,(,)*! 

V2^J-» e J * 

1_ r (£+•>))*; 

V27T J 6 

= r <&? r d? 

£ *J 27 r Jo J 7 

. _J_ f J!-^dy 

-t e iue — 1 


€ V2tt i u (1 + ^0 
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This vanishes only for u — 2n.Tr/e and there is hence no one u for 
which this vanishes for every e. Thus, by theorem 7, (20-19) is 
equivalent to the statement that for all e 

(20-22) 

lim [ e)dg(r]) = A f K x (%,e)d% 

f-»-oo J —oo J —co 

A f oo ,-£+e 

= =M dt\ K t ( v )d v 

J —oo J £ 

_Ar 

€ J — oo J 0 

A f e r°° 

-f *7 

e Jo J —oo 

In lemma 7 5 no essential use was made of the continuity of 
K (sc). Thus we may establish in the same way that if (20*18) 
holds, (20'22) holds for every e. Thus (20T8) implies (20-19). 
If we can now show that the validity of (20'22) for every e 
implies that of (20*18), we shall have completed the proof of 
theorem 21 and hence of theorem 22. 

To this end, let us notice that, by (20"21), 

1 ~ S ~* -Ki (f) « -5Tx (f. «> « — JTi (? + >)■ 

c € 

Thus, as g (rf) is monotone increasing, 

— -j— lim f K x (£ — g) dg (g) 

€ j — oo 

f CO 

< lim K x (£— g, e ) dg (g) — A 

£^00 J — CO 

^ to? f°° + e) ^(97) 

€ £-»-OQ J — 00 

Urn f° iT, (£-•,)<&(,). 

e £->-cq J CO 

As e is arbitrarily small, we may make (1 — e~*)/e and (e® — l)/e 
as near as we wish to 1, and we have 

TOO 

lim lim [ K x (% - g) dg (g), 

* — 00 f-».co J — 00 
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which is equivalent to (2018). This completes the proof of 
theorem 21. 

A closely related theorem is: 

Theorem 23. Let (x) be a bounded function, and let either 
of ike limits 

1 p 

(2023) lim - <f> (x) dx 

e-a-0 e Jo 


or 


(20-24) 


2 

Hm nr'P 
T-*- oo rrx 


> reo 

*!.+<•> 


sin 2 Tx 


dx 


exist. Then the other limit exists and assumes the same value. 

In this theorem the roles of 0 and oo are reversed in 

comparison with theorem 21. We put 

x — e ~~* ; T=e y, = e~ 1 ; <j> (x) — (£). 

The expression (20-23) becomes 

(20*25) lim P° e^yfr (£) d& 

7}-^<X) J 7} 

and (20-24) becomes 

' ro 2 sin 2 e^ 


(20-26) 


lim 


/: 


3 - *(*><*£ 


- CO 7T e v ~^ 

As we have assumed ^ to be bounded, we may apply theorem 4 
to show the complete equivalence of (20*25) and (20-26). We 
have only to show that neither 

g£tt-iu) ft]; 


nor 


j: 

j e -ga+iu >sin 2 efdg 

J —00 

vanishes for any real u. The first is 1/(1 
vanish, while the second is equal to 

/: 


■iu) and does not 


gl(i+i«) sin 2 e — £ d£, 

and this, by (20*19, 20), is equal to 

r (1 — iu) (e™/ 2 — e - ™/ 2 ) 2 i “~ 1 
u (iu + 1) ’ 

which vanishes for no real u. Thus theorem 23 is established. 


W FI 


IO 
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A corollary of theorem 22 is : 

Theorem; 24. Let f(x ) be a function for which (20*01) is 
bounded in T. Let s\ (u) be defined, as in (20*04), s 2 ( u ) as in (20'05), 
and s(u ) as in (20*06). Let s (u) be of limited total variation over 
(— oo , oo ). Then 

(20*261) ]im~[ \f(x)\ % dx 

T ->- oo J — T 

exists and is equal to 1/(2 rr) times the sum of the squares of the 
jumps of s (u) at all its points of discontinuity . In particular, if 
s(u ) is continuous, the expression (20*261) is equal to 0. 

We may write 

s (u) = s v ( u ) + t n (w), 

where t v (u) is a step-function constant except at the jumps of 
s(u) exceeding r) in magnitude, and there having the same 
jump as s{u). The function s v (u) will have no jump exceeding 
7) in magnitude, and both s,, (u) and t n (u) will have total varia- 
tions not exceeding V, the total variation of s (u). 

By a form of the Minkowski inequality, 

1 5 ( u + e ) ~ s ( u ~ € ) I i 2 

i r°° 

2 ^ J s >) (w + e) — s, (u — e) | 2 cZm| . 
Now, if e is small enough, 

h 1 + € ) ~ ty> < w “ ^ I 2 du 

will be the sum of the squares of all the jumps of s(u) exceeding 
rj in magnitude. To see this, let us notice that 

\t v (u+e)-t, (u-e)| 

will vanish except in regions of length 2e extending a distance e 
on each side of each jump, in which it will he equal to the 
absolute magnitude of the jump. 
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The expression | $„ (u + e) — s v (u — e) | can he made less than 
2 tj by choosing e small enough. Over any finite range of u, 
this choice of e may be made independently of u. To show this, 
we appeal to the Heine-Borel theorem, and to the fact that 
about each point u we can place an interval in which the 
fluctuation of s, ( u ) is less than Hence we can cover any 
finite range of u by a finite set of overlapping intervals in which 
the fluctuation of s v (u) is less than 217, and if we choose e less 
than half the overlap of any two of these intervals, 

| s, (w + e) - s n O - e) | 

will be less than 217 for any u in the finite range. 

It follows that by taking e small enough, we shall have 

(20-265) ~ J“ | *,(« + «)- *, (u - e )| * du < 3 77 V. 


For let us put 


1 f °° 

2c . —00 


Sr, (u + e) - s n (u — e)| 2 du 


1 f~ A 

~ 2^j | s i) (, u + s) Sr, ( u c))* 


1 r A 


+ 2 ~J 1 (w + e) — s,, (u — e)| 2 du 


| Sr, (u + e) — (u — e) | 2 du. 


26 JA 


The function |s,,| will have some finite upper bound, say S. Then 
1 f 00 

2 eJ A \ s v( u + *) ~ s n (u- e)\* du 


1 f 00 

< 2 S g - J | Sq (u + e) — Sr, (u — c)| du 
1 f rA + 2e rA+ 4 e “I 

^2e\J A + J ^+9 + "* Jl s *( w + 6 ) “ s v(u — e)\du 

2&^-f {K0» + A + c) — Sr, (u + A — e)\ 

« J 0 

+ [ Sjj (u + -4. 4- 3e) — Srj (u + -4 + e)J 
+ j s v (u 4- A + 5c) -«,(« + i + 3c)| 


10-2 
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This cannot exceed 2$ multiplied by the total variation of $ 
from A — e to infinity, and can be made uniformly small in both 
e and t] by taking A large enough. The same applies to the 
integral from — - c o to — A. Let us make these two integrals 
together less than r)V. There only remains the integral from 
— A to A. This cannot exceed 


max 

—A<u<A 


1 r-4 

\Sr,(u + e) - (u - e) | ^ J | Sjj (u+e)~ s„ (u - e)| du, 

and we may take e so small that this is less than 
1 f °° 

2,7 2ej I** (« + «) — «* ( u ~ e)\du 


= 2,75 


2e J_ e 


X j s n (u + (2 n 4- 1) e) — s v (u + (2 n — 1) e)| du 




Vdu^2 v V. 


This establishes (20*265). 

It follows from (20*265) that if we choose e small enough, 

{f'ej I 5 ^ + ” 8 ( U ~ e ^ 

differs from the square root of the sum of the squares of those 
jumps of s(u ) exceeding rj in magnitude by less than (3,7 F)^. 
If we call this sum X we have 

Em ji f | s (u + e) - s (u - e) | 2 dv!^ < {£,}* + (3 V V)K 
i s (u + e) - s (u - e) ] 3 du I* > {S,}* - (3 V F)* 

It follows that 

n 


du 


lim li f l*( M + e)~s(u~e) 

e -*-0 k -1 G J — 00 

- lig 1 5 (m + e) - s (w - e) ] 2 du j-*< 2 (3 V V)*, 

and since 77 is arbitrarily small, 

lim |s(w + e) — s(u— e)| 2 <ittj- 
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exists, and differs from by less than (3y V)-. Hence 

lim {2,}^ — lim ( \ s (u + e) — s (u — e) | 2 dv \^ , 

e-^-0 J — co J 

and 

1 f 00 

(20*27) lim 2, — lim x- I | s (u 4- e) — s (u — e) ( 8 du. 


The left-hand side of (20*27) is however the sum of the squares 
of all the jumps of s(u). Theorem 22 completes the proof of 
theorem 24. Of course, if s ( u ) is of limited total variation and 
has no jumps, 


1 f 00 

lim x- | s (u + e) — s (u — e) [ 2 du = 0, 
e -»-0 -“6 J —oo 

1 r T 

and hence lim \f(®) \*dx — 0. 

T-*-oo J - T 



CHAPTER IV 


GENERALIZED HARMONIC ANALYSIS 


§21. The Spectrum of a Function. 

n 

Let f (x) = '£ Aje iAiX be a given trigonometrical polynomial. 
Then 


n n 


(21-01) f(x + £)/(%)= 2 t A 3 A t (&* 


Now, if /j, 4= 0, 


1 [ T sm. jxl' - 

(21*02) lim -~jp I = lim fz =0. 

Z-Z j —T Y->-CO 


sin fjuT 


On the other hand, 

(21-03) lim i | e i0 Zdg = 1. 

Thus 

t rf _ w n 

lim / /(«+ £)/(£) ^ = 2 AjAje^** = 2 1 4? IV 4 **. 

2^oo J —T 1 1 

In other words, if we put 

(21-04) <f> (x) = lim /(#+£)/(£) dg, 

then 4> (x) exists for every x, is continuous, and consists of terms 
with the same frequency as those constituting f(x), with ampli- 
tudes the square of the amplitudes of the corresponding terms 
of f(x\ and all with such a phase that they are real for x = 0. 

Let us now consider more general classes of functions f(x) 
than the trigonometric polynomials considered above. In case 
f is measurable over (— oc , oo ) and (f> (x) as defined in (21*04) 
exists for every x, we shall say that / (x) belongs to class S. In 
case f(x) belongs to S and <j> (x) is continuous, we shall say that 
f(od) belongs to S'. Thus every trigonometrical polynomial 
belongs to S'. We shall give several examples of functions f {x) 
belonging to S' or S. 
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(i) f(x) belongs to L z . Then cf> (sc) = 0, and f(x ) belongs 

to S'. 

(ii) f ( x ) ~ e iixi - Then 

= lim^f expz'(]a;+#- IfI J )cZ£ 

2WoO — ’ J — 2* 


rS.M'J-T P + 

-limif (l+0(|f|-*))<?f 

T-e^oo — J —T 

= 1. 

Thus _/(«) belongs to /S'. 

(iii) /(a?) = Then 

<jb (x) =lim ~f exp i (( x + £) 2 - £ 2 ) d% 

T-*~co J ~T 

p ix- rT 

- lim %m\ e*<*td£ 

T -*- oo J —T 

_fl if # = 0; 

(0 if 37=}= 0; 

in accordance with (2103) and (21*02). Thus f {pc) belongs to 
S but not to S'. 


(iv) X is a number in (0, 1), with the binary expansion 

0*aia 2 a 3 « 4 — 

The function f (a?) is defined as 2a 2n+ i — 1 for n < # < 7& + 1, if 
is a positive integer or 0, and as 2 « 2 n — 1 if — n < a: < 1 — n. We 
wish to show that for almost all values of X, 

(21*05) £(a?)=l — Ja?] (]#|<;1); <f>(x) = 0 (a?>l). 

It will follow that for these values of will belong to S'. 

What we purpose to show may also be stated as follows: if 
f (a?) has over each interval (n, n + 1) (— oo < n < oo ) either the 
value + 1 or the value — 1, and if each choice of these values is 
independent of all the others, then the probability that <f> (a?) 
will not have the value given in (21*05) will be 0. The necessary 
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reduction of probabilities to Lebesgue measure has been made 
by Borel* and Steinhausf. 

To begin with, let us note that if 0 n | x | < n + 1, we shall 
have 

(21-06) 

4 > O) = j_j/ + £>/(£) d % 

1 N-l fm+1 

= lim 97 V" 2 /(« + £)/(*» + 1 ) d £ 

JV-*- oo m=—N J m 

*1 1 f rwi+^.+1-aj 

= lim ~ 2 j f(m + n + l)f (m + 1) d% 

fw+1 'j 

« +1 /(m + n + 2)f(m+ l)dg\ 

J m+n+l—cc , 

— lim -^- r X {(n + 1 — x)f(m + n+ 1 ) f(m + 1) 

+ (x — n)f(m -\-n+ 2) f (to + 1)} 

= (n + 1 — x) $ (n) + (x — n) <jE> (n + 1). 

Formula (21 - 06) is to be taken in the sense that if the last term 
exists, <f> (x) will exist and assume the same value. The replace- 
ment of the general variable T in (21-04) by the integral variable 
N in the first line of (21"06) is readily seen to be no real restric- 
tion. 

In view of (21-06), all that we need prove to establish (21*05) 
is that except for a set of values of X of measure zero, </> (0) — 1 
and <£(«.) = 0 when n is an integer other than 0. That cj> (0) = 1 
is an immediate consequence of the fact that \f (%)\ = 1* If now 
we can show for each particular non-zero integer n that <p ( n ) = ® 
except for a null set of values of A, we may appeal to the theorem 
that the logical sum of a denumerable set of null sets is null to 
complete the proof of (21-05). 

* E. Borel, “Les probabilities denombrables et leurs applications arithme- 
tiques,” Rend, di Palermo, 27 (1909), 247-271. 

+ H. Stemhaus, “Les probabilities denombrables et leur rapport si la tbeorie 
de la mesnre,” Fumd. Math. 4 (1923), 286-318. 
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Let us now consider f(m + n) f(m) for fixed n and variable m. 
For any m it assumes either the value + 1 or the value — 1, and 
if we take any finite consecutive set of numbers m, any sequence 
of signs is as probable as any other — that is, any sequence of 
signs corresponds to a region of X of the same Lebesgue measure 
as that corresponding to any other. If we take 2N consecutive 
values of f(m + n) f(m), the measure of all those regions of X 
for which the sum of these values exceeds in modulus Ne will 
not exceed 


N 

9&W4-1 

H 3 Q 


(2 N)l 

car-A)i(JV+fc)! 


by the binomial theorem and ordinary considerations from the 
theory of probabilities. By Stirling’s theorem this is asympto- 
tically 


jr 

2 


-[?]( 


l--\ 
N) 


k\ N ~ k 


( 


N+k 

1 + l) 


( 

W (iv 2 - &)) 




2V 

2 


2e 


_ ( N-k-N-k ) 


! -[f] 


r— a. y 

\7T (JV 2 — A 2 )/ 


Inasmuch as 


_ N£ 

= 0{N^e~ 2 )• 

00 

2 Nh 2 

jst=i 

converges, the chance is zero that there should fail to be an 
integral value of N such that, from that value on, 

N 

2 f + ^ Ne. 

Thus, except for a set of values of A, of zero measure, 


lim 

N-^co 


i 

W-j/ 0 


n +%)/(£) 


< e /2, 


and since e is arbitrary, and the sum of a denumerable set of 
null sets is null, we shall have 

iio + dg = 0 



154 GENERALIZED HARMONIC ANALYSIS 

except for a null set of values of X. The transition from integral 
to general values of JSf offers no difficulty, and we have 

<f> ( n ) = 0, 

thus completing the proof of (2T05). 

By the Schwarz inequality, we have : 

Theorem 25. If fix) belongs to S, and y is any real number, 

(21*07) l*(y)k*(0). 

For 

\<j>(y)\= lim if f(y + £)/ (£) d£ 

T-^OO £-*- J —T 

-limlAf* + I 

SP-^oo ] -t I 

( 1 rT+y 1 rT 'll! 

< 1 lim 07 - !/(£> \ % d% lim ^ |/(£)| 2 <^ 

(0 7 -»-oo £J- J -T+y r^-oo J - T ) 

( I fT+\v\ 1 rr , )£ 

fear L- l!(1 1/® !*« 2 t\-t i/(?) 1 df T 

rr+Ia/l 1 rT )i 

x f I/(B lim 2 W J/(£)i 2o! £f 

— {!•<£ (0) • (O)}^ = (0). 

Thus every <f> (x) pertaining to a function f(x) belonging to $is 
bounded. 

By another application of the Schwarz inequality, we have: 

Theorem 26. If f(x) belongs to S and <p ( x ) is continuous at 0, 
then it is continuous for all real arguments and fix) belongs to S'. 
For 

(21*08) | <p(x + e) — <p (x) | 

== ^|2rj_ T {/(iC + £ + — /( a;+ £)}/(£) 

< 2™ MF-t m< ° + f + *> - f(x + ^)i j ■ <*? j j/<?> i 2 ^}* 
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We now appeal to the following lemma: 

Lemma 261. If + (x) is a positive function, a is any real con- 
stant , and if 

1 [ T 

hm + (x) dx = A, 

1 [T+a 

then lim / y}r(x)dx = A. 

T->~o 0 J — T+a 

To see this, let ns notice that if T > \a\, 

i} - ¥) a ( jl|a|) 

< ( J + t 1 ) * w ^ 

and that both the first and the last of these three expressions 
tend to A with increasing T. In particular, if <j£> (0) exists, 

lim if |/«+ B )|^f=limif + “ |/(f)| 2 <Zf 

00 &-L J — T T-^oo TiX J — T+a 

= lim if |/tf)|*if-*(0). 

T-*~oo - L J _y 

Again, if f(x ) belongs to S, 

( 21 - 09 ) 

<t> (y) jf + y)T ( £> d ( 

- jUm gpj* T (l/(f + y)+/(f)| 2 - | /(f+y)-/(f )[ 2 
+ »' l/(f + y) + ‘/(f ) I * - < l/(f + sO - * 7 ( 0 1 2 } <*f . 

This latter limit may be resolved into a linear combination of 
four means of positive quantities, each of which exists inde- 
pendently. Thus, by lemma 26 l5 

I 1 rT+a 

* (J,) 2T’ fl/(f + y) +/(f)l 2 - l/(f + v) -/(f) I 2 

+ » l/(f + y) + */(f)l 2 - » |/(f + y) - iff. f)l 2 l <if 

1 rSP+a _ 

= iim^ /(f+y)/(€)<*f. 

T^co J —T+a 
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We thus have 


lim if |/(® + |f + e) — fipc + 

T-*- oo J —T 

- 2s, h S-t lf ' + s + e)l |2 di + J£s A* L t \ f( * + & 1 1 ‘ 1 ^ 

- lim f /(a? + f + e)/(a? + f) d% 

- lim i [ /0 + f)/0 + 4; + <?) <2f 

T^oo 6-L J —T 

- 2^,(0 )- 4 >(»-<#,(- e ). 


Thus (21-08) yields us 

| <f> (* + .) - 4 , (*)| < {£ (0) [2* (0) -$(«)-*(- e)]}*, 

from which theorem 26 follows immediately. 

Let us return to (21 ‘09). If we define s (w) as in (20-04- 
20-06), the function hearing to f(g + y) the same relation that 
s (m) does to/(f) will be 


s y (u) = 


1 

V2 7T 


{ 


l.i. m. 

A-*-o o 


We shall have 


li + iZ Y (S+ -% e ~ t “ ! ^ 

'*/><«>' 'SfM- 


(21-10) Sj, (w + e) — s y (w — e) — e iuy (s (u + e) — s (u — e)) 

" vfcfe £/« + *> ^ 


■ llm.f /(f) 

Ar*- OO J —A 


2 sin f e 




Let us notice that in the definition of the Fourier transform 

rA. rs 

we might replace the symbol l.i.m. / by l.i.m. I without 

-A~*-cq J —A A,JB~*~ooJ — A 

restriction or generalization (cf. (9 - 02)), so that (21-10) 


omes 

.i.m. jL= j A /(f) 

A^OO V ZlT J — A 


2 sin (f — 3/) e 2 sin f e 

. 1-2/ I . 
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Thus, by the Plancherel theorem, 

(21*11) j " (u + e)-s y (u-e) - e iu v (s (« + e) - s (u - e))| 2 die 

~ 2 sin ( £ — y) e _ 2 sin jfe ~f a 

f-y f _ 


oo 

— 00 


1/(0 I s 


dS. 


Now, 


(2 , 12) , * ^ - j 2 j;_ t £ (?^) * 

r - 


ew cos ew — sm ew 


dw 

vr 

o 2 i r cos ew sm ew 

sg 2e 2 I VI mas „ — 

Lin i£-y,£) ew e 2 ^ 2 


^ 4e 2 Jy[ max | 


ew i 


Also, 

(21T3) 


2 sin (|f — y) e 2 sin ^e 


< 4e. 


f-y £ 

Let us consider the various possible relations of If, y, and £ — y, 
and let us put 

(21-14) 2sin (f-y>«,_2smf e 

f-y I 

In case O^g/2^ If — y sgf, we have, by (21T2), 

8e ly| ^ 16e|y| 

* w\ ^ iy i + if r 

In case 0 < |f— y < ff/2 |f, we have, by (21T3), 

T< 4 e< ~^ e 1 1 

* *|y| + lfl* 

In case — y<~,we have, by (21T2), 


T< 


4e_[yj 16e ]y| 

If I " lyl + If I ' 


In case 0 < Sf/2 < £ — y, we have, by (21T3), 


4e< 


idgjyj 

f I + |y 
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Thus 16e | y |/(| £ J + | y |) whenever f and £ — y are both ^ 0 
This result will also hold when both are < 0. In case they lie on 
opposite sides of 0, we have | £ | < \y\, and 

\y 1 


T ^ 4e <- 


Thus, in all instances, 


fl + \y\ 
t< 16e M 

^m + lyp 


(21*15) 

and, by theorem 20 and (2 Til), 

J s y (u 4- e) — s y (u - e) — e iuy (s (u + e) — s(u— e))| 2 du = 0 (e 2 ). 
Thus, by theorem 22 and the Minkowski inequality, if | w | = 1, 


S + y) + w /(£) l a ’ d £j 

, 47TP f 


lim i ^ i 
e -*-o [4tt e J 


s y (u + e) — s y (u — e) 

)i 

+ w(s(u + e)— s(u — e )) | 2 du> 

= lim 1 0 (ei) + I I" I e iuy + w I 

e^O ( (47T6 J _oo 

x [s(w-f-e) — s(u— e)[ 2 cZw| 

= lim \~t ~ — f (2 + we~ iuy + we iuy ) 

e-»-0 ( 4 j7T6 J _oo 

x | s (u + e) — s (u — e) [ 2 c?u|- . 

Hence 

(21T6) lim ~^( \f(Z- J ry) + wf(j')\ z d% 

lim -j— [ (2 + we~ iuy + we iuy ) \s(u + e) — s(u — e)\ 2 du. 

e-s-0 J — oo 

If we take w successively to equal + 1, ± i, and combine four 
expressions of this sort as in (21*09), we obtain: 

Theorem 27. If fix) belongs to S, 

1 f°° 

(21*17) <£(y) = lim-r — J e iuy \ s (u + e) — s {u — e)\ 2 du. 

€~^0 47T6 J ~oo 
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Let us now consider the function 

(21-175) cf> e ( y ) = — ^ J e iu v j s (u + e) — s (u — e) j 2 du. 

It follows at once from the definition that 

I 4 >e (2 /) I ^ 

Inasmuch as <£ e (0) tends to <£> (0) as e-*-0, $> e (y) is bounded for 
all values of y and small values of e. It thus tends loundedly to 
<f> (y) as e 0 iff (so) belongs to S. Thus, by bounded convergence, 

rj-, * w dy - ^ J w ^ 

- lim ^ P dy^— 
e -^oZv'—0 * 47T6 


x f e iuy J s (u + e) — s (u — e) J 2 du. 

J —CO 


As this repeated integral converges absolutely, we may invert 
the order of integration, and we get 


rS^ (y)Ay 


1 f° 


- !r„ 1 ■ 81 <“ ■ + ■ e > - s ' (“ ■ - e > i a du k f_, ^ ** 

= lim ji- f S ^ n — | s (m + e) — s (w — e) | 2 dw. 
e _*. 0 47 re J _oo utj 

Similarly, 

I f (1 - Id) tj, (y) dy 

- }T„ l L i 1 - ^ dy 5^/1 ei ” y i* (»+«)—(“-«) r «*» 

- . u “ 4^/1 «— 5 (1 - ^ 


= lim -j— , 
e-*-o 47reJ 


4sin ; 


2^ 


iPif 


j s (w + e) — 5 (u — e) j a du. 
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Thus, if f (as) belongs to S', we have 

+<*>*■ 

and 


(21-18) 


lim Izxn — — 

,,^0 e -*-0 47 T 6 


4sin ! 


ur) 


j s (u 4- e) — s (u — e) | 2 du = 0. 


Since, when | uy | > tt, 


4 sin 2 — 

2 _ 4 

1 ~2 > 


ll 2 )) 2 


77 


it follows from the positiveness of the integrand in (21T8) that 

‘“o S 4^ [Q + flT] I * (« + «) - * (» ■ - «) 1 2 du - 0, 


or simply 
(21*19) 


lim lim 

A~^ co e -9-0 4f7re 


r*a 


| 5 (it + e) — s (u — e) | 2 du — 0. 


Again, let f(x) belong to S and let (21T9) hold. By (2T17) 

(21-20) \4>(y)-4> (0) | 

<2 lim f +[ ]|s(w + e)-s(w-e)| 2 (& 4 

« ->• 0 \_J A J — ooj 


+ lim f (e™y-l)\s(u+ e)-s(u~e)\*du. 

Let us choose A, as is possible by (21-19), so large that the' 
first term on the right-hand side of (21-20) does not exceed 5/2. 
Let us then choose \y | so small that over (—A, A) 

J e ~ iuy — 1 1 < S/(2</> (0)). 

Then we shall have | </> (y) — </> (0) | ^ 8. 


We thus have proved : 

Theorem 28. If f (x) belongs to S, it will belong to S' when 
and only when (21*19) is true. 
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We now introduce two new definitions : 


+ 


1 1 <}>(£)* iui 
1 


(21-22) <r e (w) = -7= -i 1. i. m 

V2 ir l.4-»-oc 


* j>^' 


Both these Expressions will exist, as <fi (£) and <f> t (£) are bounded. 
Moreover, by (21*175) and the Plancherel theorem. 


(21-23) I.i. m. \ A & (£) dg 

A-*»co */2 tt J —A 


I s (M + e) - s <M - e) I s , 


since the latter function belongs to L z , being the square of a 
bounded function belonging to Z 2 , and thus being dominated by 
a constant times that function. By a simple application of X^, 
if we integrate both sides, we get 

1 f 00 p-~iu£ -I 

(21 ' 24) J&L *•<*>-=%-* 

= ioI^ U(u + e) ~^ U ~ e)]: ‘ du - ' 

If we make use of the principle (X 4t ) that when a function, ap- 
proaches one limit in the ordinary sense and another limit in 
the mean, these limits are almost everywhere the same, ($1*22) 
and (21*24) yield us^ ; # 

(21*25) cr t (u) = const. + J — — j= | s (u + e) — s (u — e}j a du. 

Since <£<=(£) tends boundedly to <f> (£) as e-*-0, ^* e (£)/(—* ig) 
tends in the mean to <£ (£)/(— ig) over anj range not containing 
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the origin. From these facts we may readily conclude that over 
any finite range of u, 

(21*255) cr (u) = 1. Lm. (u). 

There is no trouble in concluding directly from bounded converg- 
ence that the second integral of (21*22) tends uniformly in u to 
that in (21*21) as e-^0, while as to the first integrals in the two 
formulas, our argument depends on the fact that convergence 
in the mean is invariant under a Fourier transformation. 

It follows that 


(21*257) x r U 

cr ( u ) = const. + 1. i.m. - — | s (u + e) — s (u — e) | 2 du. 
v 7 e-=»-o 2e v 27 t Jo 

The constant in this formula may readily be verified to be 


It will be seen that 

(21*26) <r(u)-cr(-u ) 


1 * 

= Li. m. t . 

e — 3^ o 2e V 2 tt J 


f u 

[ s (u H- e) — s (u — e) | 2 du. 


In the case where f(x) is taken to be 2 Aj u e iA * x , we have 

i 

1 

X C r M f-l 1 g*(A;-J»)| 

where r, « = jLJLm. [j i + J_J dg 

fl _ giA/f 


+ 


u 


= const. 


V2 


l r°° 

2tt J - 


oo gi (A '«•)£ 


if 


dg\ 




dt 


Now 

Hence 


roo r oo s i nt> & 

J-„—ir d ? = J-„-r d ^ 7ragav - 


Tj (u) = cons 


^v/f 


2 ( s g n A? - sgn (Aj - u)), 

and this is a step-function making an upward jump of J2ir 
at u = Aj. * Thus cr (u) is a step-function making a jump of 
js/Stt | Aj | 2 at every point u — Aj and constant elsewhere. The 
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total increment of cr (u) over any interval corresponds to 
multiplied by the sum of the squares of the amplitudes of the 
trigonometric terms of f (x) with frequencies lying within that 
interval. Physically speaking, this is the total energy of that 
portion of the oscillation co~f{i) lying within the interval in 
question, sc being taken to be a displacement and t the time. 
As cr (it) determines the energy-distribution in the spectrum 
of f{oc), we may call it briefly the “spectrum” of f(t). 

The author sees no compelling reason to avoid a physical 
terminology in pure mathematics when a mathematical concept 
corresponds closely to a concept already familiar in physics. 
When a new term is to be invented to describe an idea new 
to the pure mathematician, it is by all means better to avoid 
needless duplication, and to choose the designation already 
current. The “spectrum” of this book merely amounts to 
rendering precise the notion familiar to the physicist, and may 
as well be known by the same name. 

In the various cases of functions f and <f> which we have 
considered in this section, cr(u) is easy to determine. In case (i), 
<r ( u ) is constant. In case (ii), cr (i i) makes a jump of V 27 r at 0 
and is otherwise constant. In case (iii), cr ( u ) is constant. In 
ease (iv), the Fourier transform of <b ( x ) is 

vjb £, (1 - 1”!)^^" 2 (1 T SM> - 

and by an argument like that of (2T23), (2T*24<) and (21’25f), 
we see that -- 

, . , f“2 (1 —.cos v) j 

cr (u) = const. + J — - — dv. 

In this case a (u) is a differentiable monotone funcfeion, which 
means in the language of physics that the spectra m of / (t) is 
continuous and possesses a spectrum density. ' , 

An example of a function with a continuous spectrum, but 
without a spectrum density at eveiy point, has been given by 
Mahler*. Whether this type of spectrum has any physical 
importance is not yet known. 

* Mahler 1. 
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§ 22. The Spectra of Certain Linear Transforms of a 
Function. 

We now come to a new group of lemmas and theorems con- 
cerning the spectra of functions of the form 

r *(»-*)/(£) 

J —00 

where 

(22*01) -Jg [_ b | /(«) | 2 c&» 

is uniformly bounded in J 5 . Our first lemma reads : 


Lemma 291. Xei /(«, u, X) belong to L% as a function of u 
for every x and X, and let it be measurable in ( x , u). Let 

(22-02) f°° \f(x, u, X)\*du 

J —OO 

be bounded in x and X , and let 


(22-03) 



] / (x, u, X) - f (x, u) | 2 du 


0 


uniformly over any finite range of x as X — »- 00 . Let K (x) 
belong to L\. Let 

r 00 

K (x) fix, u. A.) dx 

J — OO 

exist for all u and X. Then, as X 00 , 


(22*04) 

% 


[ f K (x)f(x, u, X) dx 
J —00 J -T-XO 


f 00 

— K (x) f (x, u) dx 

J —00 


2 

du — ► 0. 


Let us first note that f(x, u) belongs to X a , and that by 
(22-03), for all x, ' 

(22-05) 

f \f(x, u) j 2 du < lim sup f | f(x, u, X) j 2 du. 

J —a> J— 00 
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Again, by the Schwarz inequality, 

(22*06) 

[ \K(x)\dx lim sup [ [/(#, u, X) — fix, u) I 2 du 

)a J J - 00 

> j I k («) I dx j ! K (y) i d v <*«!/(«. w, x)-/(x, u) | 

^ B * B x 1/(20 u,X)-f(y, w)| 

= J_ w I % («) | | K (y) j dy (/(«, u, X) -fix, u) J 

x \f(y>u>X)-f{y,u)\ 

= J ^ du jj"^ [ K (x) [ (/(a, u, X) -f{x, u) | 


f du f K (x) [fix, u, X) -f(x, «)] 
J —00 J A 


dx 


The formula (22‘06) holds in the sense that if the hypotheses of 
lemma 29 x are assumed, every term in the formula exists and 
satisfies the indicated inequalities. 

Since (22-02) is bounded and (22-05) is valid, 

f | fix,u,X)-f ix, u) J 2 du 

J — oo 

is bounded in x and X. Thus, by (22*06), 

roo | rB 2 rp "1® 

j du J K 0») [fix, u, X) — fix, uf dx < const. Ij | K ix) | dx J - 

Let it be noted that oo is a possible value of B, or — oo of A. 
We conclude that 

lim [ du f K ix) [fix, u, X) — fix, ?t)] dx J = 0 

A oo J — oo J A I 

uniformly in X, and similarly that 


lim | du | K ix) [fix, u, X) — fix, w)] dx 

{-*• — eo J — oo J —CO 


0 


uniformly in X. 

Again, it follows from (22-06) and (22'03) that for fixed finite 
A and B, 

lim f du \ f Kix) [fix, u, X) — fix, «)] dx 
— oo ! J 3 


= 0 . 
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Let A and — B Tbe so great that, for all X, 


(22*07) 

1 8 
8 

S* 

C- 

7 


* 00 

du 

if 

• 

— CO 

J 

Then let X he so larg 

(22*08) 

« 

■ oo 

du 
— 00 

S 


K O) [fix, u, X) —fix, «)] dx < e /9. 


We shall have (by the Minkowski inequality and (22*07-08)) 

f oo I r oo 2 

du\ K ( x ) [/(«, w, X.) — fix, w)] dx < e. 


From this (22*04) follows at once, and lemma 29i is proved. 
Lemma 2 g 2 . Let fix) be a measurable function for which 


( 22 * 01 ) 


f i/(«)i’ 

J-3 


is uniformly bounded in B . Let s (u) be defined as in (20*04-06). 
Let K ix) be a bounded measurable function for which 


(22*09) J | K ix) [ 2 (1 + a?) dx < oo . 

Then (22*10) 

i r m f-ii ww? r°° 

* i(m) = ^ [A + I-J I “ f)/(f) ** 

and 

(22-11) (.) = *. f_ m K (. - f)/(f) if 

will exist. Let 

(22*1 2) i («) = tx iu) + 1 2 iu). 

Then 

(22*13) tiu + e) — tiu— e) 

-{siu+e)-siu- e)} H K (£) d% 

J — 0O 

= -L r JT( f)df [** 2/<*-f) 

A^co V Z7T J — oo J 

L CD ce — t; J 


i («) = ix (u) + 1 2 iu). 
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To begin with, by (20*07), 

{s(w + e) - s(it— e)} J (g) e~ iu % d% ■ % 

= f°° K (£) er«* d% 1. i. m. -L f (cc) - — — e~^ dx. 

J-oo V2 tT « 


It is obvious on inspection, however, that the Fourier transform 
of /(% — %) is e iuS times the Fourier transform of f(x). Thus 


(22*14) {s(w + e} — s(u — e)} J K (f) e *“£ d% 

= f" K<£) d£ l.i. rn. 4= J A /(<*- S) 2S1 Vig~ r) ^- < “fe 

j — oo OO v 27T j -A w S 


The function 

(22-15) r (f, «, J.) = -L P* / (» - £) ~ g) e -<«* d* 

V Z7T J --4. & ~ S' 


belongs to X 2 in w, for every f and 4, and is thus measurable. We 
have 

and l.i.m. F(£, u, A) = F (%, u) exists for every f\ We have 

A-*- co 


f \F(%, u, A) — F(g, u)^ du 


[]»: 


-^t-r 


I s ecc j 

l/(f)P ^ d*. 


and this tends uniformly to 0 over any finite range of g as 
A-9-oo . The functions K (£) and F (£, u, A) belong to L%, and, 
by the Schwarz inequality, $ 



K(g) e- iu * F(£,u, A) d£ 


exists for every u and A. An application of the Schwarz in- 
equality to (22*09) will show that K (g) belongs to JA- Thus, 
by lemma 29j, 


f K (f) er iu f d% l.i. m. F (g, u. A) 

J —co A-*- oo 


= 1 . i. m. H K (£) e-*4 F(g, u. A) d%. 

A oo J —do 
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Combining this with (22-14) and (22*15), we get 

(22-16) {s (w + e) — * s (w — e)} f K(%)er iu £d% 

J —00 

. • r if 1 f A 2 sin e(cc—£) 

- hiSr/— - Hr<e> ‘* e 7kJ-/ ( * " f) — *" 

By the Schwarz inequality, 

(22-17) [jj* (—»/(»! 

«r l- 2 '(*-f)l a [l + (® - f)*] <2f. 

J -CO 

By (22‘09) this does not exceed an expression of the form 

r i 


(22-17) [jj* (—»/(»! 


(22-18) const. 


, 1 + (« — £) 2 


_ Mnst r 1 ±£ l/(f)l 2 j 

-const. J^ 1+ ( a ,_ f y ! 1 + jf < 
An elementary calculation will show that for all real £, 


■f-r 


i + r 


Va; 2 + 4 + a; /V# 2 + 4 + #\ 2 


1 + (a? — £) 2 V® 2 + 4 

Thus, by (22*17) and (20*03), 


f J K (cc — tf) f(%)\ cU~ < const, cc 4- const. 

J —CO 


The double integral 
✓r-.n-.~x 2 sin ex 


A X 


(22-19) [** ^S^e-^dwT 

J (JO J —co 

is thus absolutely convergent, and may be written 

(22-20) (* K (|) dg \ A f (x - f ) 2smea? d®. 

1-00 J— ^ 


Again, by (22*18), 
i r , i 


^/>in 




const. f 2 ’ 


r i/(f)i a de 

J-T ) -*>!+(*- £f dS 
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const. 

~2T~ 


rco rT 

J —oo J -T 


dx 


= J" a> i/(f)l a[ tan-' (T+ f) - tan -1 (f- ?)] df 

f«> 7 o 77 

= const. J |/ (£)J 2 tan- 1 j— dg. 

In this last line, the tan -1 is taken to lie between 0 and 7 r. 
Over the range of £ (- 2T, 2T), 


1 2 2T 7T 

2T 1 _r 2 +f 2 * 2T’ 


and outside this range, 


2T tan-1 r 


2 T 1 + 8 T 4 4 

T 2 + f 2< 22 7 l + 3p I + £ 2 ' 


Thus 

JL 

2T 


^ \-T dX I j-OO^ ^ d % < COnSt * ^I 2 


+ 4 


fco [/(£)1 2 




J-00 1+r 2 

If we apply (20'03) to the second term, we see that 

(22-21) Lj^<2y|j” a; ir(*-J)/(0^| ! 

*S const, lim sup ^ f l/CDP^I- 

f 00 

It is hence legitimate to treat K (x — g) fig) dg exactly as 

J —00 

we have treated f(x) in §20, and the functions defined in 
(22*10-12) will exist exactly as do those in (20*04-06). 

As in (20*07), 

. , . J , . . . 1 [ A 2 sin ex 

t(u + €) — tOu— €)= 1.1. m. -7= 

A -*- 00 V27 rJ-A X 


e~ iv *dx 


x j (*)/(. “ f) d £> 
and, as (22*19) and (22*20) are equivalent, 

#(a + ‘ e )_i(tt_ € )=Lim. f” K(g)d% f* f(x-£) 2 Sm ** dx. 

J —00 J —A & 
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If we combine this with (22*16), we obtain (22*13). We have 
thus established lemma 29 2 . 


Lemma 293. On the hypothesis of lemma 29 2 , if f-ST if) belongs 
to 

(22*22) lim - [ t (u + e) -t (u - e) - {s (u + e) - s (u- «)} 

e-3^* 0 e J —00 

K (£) e~ iu % d£ du — 0. 


To begin with, by (21*14) and (21*15), 

(22-23) r r . f -- A ~\ 1 ^ r sin sin e o - £>' 


+ f l|2/(«--f) 

[1>j: 10ef ' 

ri 


x x — £ 

r/(® - £) 


cfoc 


r 


a , + 1 |it ni /(a:) * 




If we make a Fourier transformation, and remember that this 
leaves the integral of the square of the modulus of a function 
invariant, we see that 


(22 ' 2 *> 

~sin ex sin e(x— £)J 


x x — £ 

sin ex sin 


e -iux d x 


r r-^+ltl-l 2S6 |/( g )|» 

L-ui J-» I ** 


in e (« - 01 

x-i J e 


iux dx du 


which tends to 0 uniformly for all e and any finite range of £ as 
A-^ao. [Cf. (20-03).] 

If we now take £ to be the x of lemma 29i, u to be the u, A 
to be the X, 

' sin ex sin e 




X 


X 


(£zJ) “L-* 
^T~\ 


r^dx. 
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and /(| «) = 1-i. m./(£, u, A), 

A ->■ co 

we shall find that the hypotheses of lemma 29i are satisfied — we 
have just established (22-03) — and that the conclusion, namely 


U.m.-Af” K(l)d£ \ A 2/(» -f) 
A-*-K> V2-7TJ— CO J —A 


"sin 

x 


sin e (x — 
x— £ 


V 2 tt 


J — oo A-**co — ^ 


fsin e# sin e (x — £)“| . 7 

J rjj 'jj — & 1 

is valid. Thus, by (22-13), . 

(22-25) 

t (it + e) — i (w — e) — {s ( u + e) — s(u — e)} f K{%) e~ iuS dg 

J —00 

-4_r 2/(«-f) 

V 27T J —oo A^OD J —A 

L « J 

It follows from (21*14) and (21-15) that 


( 22 ’ 26 > »[ 


sin er sin e (a? — %) 
x x— % 


is the Fourier transform of a function of L 2 , and hence belongs 
to L%. By (22*24), the same is true of 
(22-27) 


A-^oa ef 


1 C A Tsi 

vsU vc— »[ 5 


sin^ _ sine (*-£)] ^ ^ 


*— £ 


It also is easy to show that over any finite range of the in- 
tegral with respect to u of the square of the modulus of (22*26) 
is uniformly bounded in e and £. A reference to (22'23) will 
show this. By (22‘24), this is also true of (22*26). Thus 

(22*26) l*i* m * “TT.l*i' m - “7= f 2f(x~i) 

e-*~0 e*g A-^oo V2 ttJ —A 


"sin 

x 


ex sin e (x — £) 
___ 


e~ iWB dx = 0 , 
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and this holds uniformly in f over any finite range. A further 
application of lemma 29i, in which we now take e in place of 
X, and (0 in place of K (0, will show that 


(22*28) l.i.m. f K (0 d% l.i.m. 

e-^0 v— oo A oo 


€& V27 rJ — A 

sin ex sin e {x — 0 
x x — g 


'J e~ iuas dx = 0, 

and, by (22*25), 

l.i.m. -4 \t (u + e) — t (u — e) — {5 (u 4- e) — s (u — e)} 
e-9-0 e® ( 

x (0 e~ iu * d £ | = 0. 

This again is merely a way of writing 

(22*22) lim - f t (u + e) — t (u — e) — {s (u + e) — s (u — e){ 

€-^0 € J “O } 

x f K{£)e~ iu $d% du = 0 . 

J -00 


Lemma 294. Let f (x) be a measurable function for which 


(22*01) 




dx 


is uniformly bounded in B. Let s (u) be defined as in (20*04-06). 
Let xK (x) belong to L x , and (1 4- \x\) K (x) to Z 2 . Let 


Then 


(22-29) lim if da, IT K(x-i)f(Z)iZ 

A. -*■ oo -O- J — A | J — oo 

ten 

(22*80> lim - f [s^ + e) — s (u — e)| 2 

e-*»0 e J — oo 


= 0 . 


/: 


K(fier**dg du = 0. 


This is obtained by applying the Minkowski inequality to 
(22*22) and the formula 

lim - f \t (u 4- e) — t (u — e)| 2 du — 0. 

€ J — OO 


This in turn arises from applying theorem 22 to t(u) instead of 
s (u) and making use of (22*29). 
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Lemma 295. On the hypothesis of lemma 29 4 , if there is no 
real u for which 

(22*31) / K (fO e-** d £ • = 0, 

J —00 

then, for any finite G, 

(22-32) 

For over any finite range, I K (£) e~^ is continuous and 

J — 00 * 

must exceed some constant Q in modulus. Thus, by (22*30), 


i r° 

li**^ jJ G \s( U + e)-s(u- e)j 2 du = 0. 


lira 
«-*-e 6 


Off 


/ |s(w + e) — s(u— e)j 2 du 

J —OO 

\ f_J* (» + «)-*(« - e)j 2 jj” K (£) e~^ d£ 


du = 0. 


Lemma 2g 6 . Let f (x) belong to S. Let xK (x) belong to Lx, 
and (1 + \x\)K (x) to Z 2 . Let 

*c>-r 

j 00 

Then g (x) belongs to S'. 

Let s (u) be defined as in (20*04-06), and let t (u) be defined 
as in (22-10—12). Let 

K‘(*) -Hi* (*+&<%■ 

By the hypothesis of lemma 29 e , xK z (x) will belong to L t and 
(1 + \x\) K z (x) to Z 2 , for 

I-Jv 1 * I f.* im + ?> d ?\* /It 1 * ijif .<•+ e 1 d f 

fCO fjfjY) fV 

<J_„tJ 0 <i‘ r+ fi+o | -2’ ( «+{)i<*f 

J — OO 

md J ic|)2 <fa |£- g '( a ’+ 

* i- sr <‘ c+ «i i x (‘ r + &>i 
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< max [ (1 4- |a?|) 2 \K (pc J t-X)\ i dx 

0<A<t7 J —oo 

<r a + v +\i»\?\K(x)\*dx 

J —00 

<(14- ??) 2 [°° (1 4 M) 2 |iT(aON«. 

J —00 

If /ju(u) corresponds to K 3 as t(u) to K, we then have, by 
lemma 29 3 , 

1 f°° 

(22*33) lim -I /x (w. + e) — /x (w — e) 

$ J —oo 


and since 


— {s (u 4 e) — s (u — e)} [ K s (£) e~ iu * d% 

J -00 

P° K 9 (g)er**d% = - ("dec f°° K(£)e- iu ^d% 
J oo V J 0 J— oo 

I TOO 

= ^—t K($)er**d& 

IUTJ J-oo 


du — 0, 


* : k 

(22-33) becomes 


1 f 00 

(22-34) lim - I /x (« 4- e) — /x (u — e) 

e ^ 0 ^ J - oo 

pitttj _ 1 /-co 

-fs(u+e)-s(u-e )} — t I K (%) e~ tu % d% 

L % ^^W7 J -oo 

On the other hand, by lemma 29 3j 
r (w + e) — t (w — e) 

— {s (w 4- e) — 5 (w — e)} J K (£) e~ iuS dg 

e im — 1 


cZu = 0. 


1 f 00 

) ® J — a 


lim 
e ->■ 0 € J — oo 


and hence 

Urn If 

- 6 J > 


= 0, 


{t(u + e) — t(u — e)} 


o eJm^turj 

* • - 1 r oo 

- {s (u*+ e)-s(u- e)} J_JT(f) e ~^ d % 


= 0 . 


Combining this with (21'34) by means of the Minkowski 
inequality, we obtain 


1 r oo £>iw\ 1 

(22"35) lim - / — r fr (u 4- e) — t (u — e)} 

e-»0C J —oo l Xt«7 


— fju (u 4- e) 4- fi (u — e) 


2 


cZm = 0. 
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Again, by (20*03), (22*17), (22*21), and the reasoning onpp. 168 
and 169, . 2 

(22-36) 

< const, lim sup 577 j_ u \f (?) I 2 **? 


const [ K (a;) — ~ [ K (x -{- %) (1 H- a 2 ) t&i 

J —00 V . 0 


const, f 11 


=^F | o J 0 J 1 - JT(« + 6) | 

x |^(®)-^((r + ^)|(l+® 2 )^ 

: const, lim sup [ ( K (oc) — K. (x 4- £) | 2 (1 + » 2 ) c&e * 

o<s^v j —°o 

f f °° * 

const, lim sup -M | AT (a?) ( 1 + M) 

0 <?<•>? (J— 00 

— A" (a? + £) (1 + ] a; + £[ ) | 2 dx 

+ f [iT(a;+£)(|aj + £| - |»|)|*d»i. 


The first term of the last formula of (22*36) vanishes as rj 0 

r CO 

by X31, and the second term is dominated by f 2 (AT (sc) J 2 cfcc, 

J —00 

and likewise vanishes. Thus 

lim lim If' dJf" [jST(«- f) -K,(as- I’- 0, 

T~*-oo J —T |J— oo ( 

or, by theorem 22, *&&&. 

1 f 00 ! 

lim lim— I [r^ + e) — t(u — e) — fi {u + e) + fi (u — e)| 2 <iw = 0. 

^- 9-0 *-»- o € J— OO 

If we combine this with (22*35) and make use of the Minkowski 
inequality, we obtain 

lim lim if 1 — 6 ^ ~ ^ I -rfw + e) — t(u — e)\*du = 0. 

11-9-0 «-»-0 e J ■ ™nq 1 


Here we employ the Schwarz inequality. 
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Now, if [ urj | > 4, 


Thus 



e iur > - 1 
iuij , ■ 


* 




(22*37) 

_ — Iff 00 r-tfhfi 

lim lim + 1 r (u + e) — r (u — e) I 1 2 du = 0. 

,^0.^-o^e UV>i J -oo J 1 

By theorem 28, g {x) will then belong to S' if it belongs to 8. 

It only remains to prove* that g (x) belongs to S. This will 
be the case if 


lim ~ f da A Kx{oc + X-£)f(%)d%\ K x (x-%)f{£) dx 

T-*-oo J ~T ' J — co J —oo 


exists for every real X. However, 

(22-38) 

h mi** + x - ?)/(f) as j> <* - /® <*? 

- (0 it, j^lti ( n ,d n ~ + ^ - 0/(«-n)ife 


The expression 

(22-39) — ~ V) dX 

converges to <f> + rj — %) (cf. lemma 26i) and is dominated by 


1 

2 T 



r+lA-fi 


|/(«0 | 2 dx 



as one may see' by applying the Schwarz inequality, 
turn is less than, an expression of the form 


This in 


const, fj ^1 + j (l + -^r) » 


1 f E r 

as results from the boundedness of J ^ I f ( x ) 1 2 d&- Thus 
(22-39) is dominated for all large enough values of T by 


const. V(1 + 1 1|) (1 + | v |)> 
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and thus by const. (1 g J ) (1 + j •>? | ). 

Since K(x)(l 4- [ x [) belongs to L%, the integrand (22'38) is 
dominated for all large values of T by a function with*a finite 
integral, and thus, by dominated convergence, 

lim A f dx f" + H )/(f)df 

rp ^ qq It ± J —T J — 00 * J —00 

r co f co 

« -Ei (f)if £i(i?)*(X + i?-f)df. 

J —CO J —00 ** 

Theorem 29. /"(a?) a measurable function for which 

(22-01) ^ I 1 2 ^ 

is uniformly bounded in B. Let xK x (x) and xK z (x) belong to 
Lx, and let (1 + \x\)K x (x) and (1 + ] sc | ) (x) belong to X 2 . 

Let there be no real u for which \ 

(22-31) f” Ki£)tr**dZ- 0. 

J — CO 

Let 

1 rJ. ) roo |2 

(22-40) Jim^ -0. 

Then 

(22-41) jirn^A “=0. 

It will be seen that this theorem is Tauberian in a generalized 
sense. Formulae (22-40-41) indicate that 

W K >,* (*-£)/ (£><*?* 

are asymptotically small on the average. Formula (22*01) asserts 
that f (pc') is bounded on the average. Thus if a function is 
bounded on the average, and a weighted moving average of it 
is asymptotically small on the average, and if the Fourier 
transform of the kernel of this moving average does not vanish, 
all moving averages with kernels of a very general type are 
asymptotically small on the average. 


W F I 
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We define s(u) as in (20*04-06), and put 

pr^t f-1 1 g—iux r oo 

T > <*> - ^ vs LJi + J - J =s‘ * J _ (w - - {)/(R <** ; 


t 2 (w) = 


1 

V2tt 


f 1 p—iux "I f co 


du = 0 


r (u) = n (u) + r 2 (w). 

By (22*32), 

lim - f I $ (u + e) — s (u — e) I 2 1 [ Kz (fr) er iu % 

€-3* 0 6 J — C I J “~CO 

for any positive G. Thus, by lemma 29 3 and the Minkowski 

inequality, we have respectively 

X re 

n - t (u + e) — r (w — e) — {s (u + e) — a (u — e)} 

■o€ J_£ 


lim 


x [ Kz{%) er™* d% du = 0, 

J —00 

and 

(22*42) lim- ] [ t(u + e) — r(u - e) \ % du== 0. 

e-»-0 e J —c 

The conditions under which we established (22*37) are satisfied. 
This gives us 

lim lim - [" [ + f 1 j t(w + e) — r(u — e) \ % du — 0. 

eot->«e [_Jc J -ooj 

If we combine this with (22*42), we get 

lim — f I r (u + e) — t (u — e) [ 2 du =* 0, 

e-»-0 6 J —oo 


and hence, by theorem 22, 

A = 0 . 

We have thus established theorem 29. 

A closely allied theorem is : 

Theorem 30. Let f(x) belong to 8. Let ocK(og) belong to Li, 
and (1 + | x\ )R(ps) to L%. Let 

*(*)- r K{x-Z)f(£)dt 
J —00 
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* 

Let <t(u) be defined as in (21*21), and cr t (u ) as in (21*22). Let 
-^r(u) bear the same relation to g that cr(u) does to f, and let 
■\jr t (u) bear the same relation to g that c r* (u) does to f. Then 


(22*4S) 

(22*44) 


^Jr e (v) — const. + 
(u) = const. + 


| * | J“ a K(£) e-^dt | ' do-, («) ; 

j;ify^fdo (u . 


For this we shall need the following lemma, which also serves 
as a basis for the theorems in the next section : 


Lemma 30^. If f(x) belongs to S, a (u) is real and may be so 
defined as to be monotone increasing. Let us notice that as er (u) 
is indeterminate over an indeterminate null set, we cannot say 
that it will be monotone, but merely that it may so be defined. 

By (21*25), crj (u) is real and positive or zero and cr t (u) is mono- 
tone increasing. By (21*255) and X42, the result follows at once. 

Let s (u) be defined as in (20*04-06), and let t (u) be defined 
as in (22*11-13). By (21*25), 

ru j 

(u) = const. + j= \ t(u + e) — t(u — e) j 2 du. 

Jo 2eV27r 

If we combine this with (22*22), which holds by lemma 29 3 , 
and invoke the aid of the Minkowski inequality, we have 

(22*45) yfr € ( u ) = const. + I — {$ (u 4- e) — s (u — <•)} 

Jo 2ev27r. 

x P K(Z)e-** du. 

J —00 

By a further application of (21*25), we obtain 

dcr t ( u ) = 1 s (ic 4- e) — s (u — e) j 2 du, 

2e v 2 tt 

which together with (22*45) yields us (22*43). 

Clearly, as xK (x) belongs to L 1} 

f du ( xK (x) e~ iux dx = f xK(x)dx f e~ iux du 
JO J— 00 J— 00 Jo 
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From this it readily follows that K (x) e~ iux dx is a function 

J —00 

with a hounded difference-quotient over any finite range of u, 

I f oo 

and hence that the same thing is true of J | K («) e~ iuas dx 

A fortiori, these functions are of limited total variation. 

We may hence write (22*43) in the form 

(u) = const. 4- cr g (u) I [ K (£) e~ iu % d% 

I J —00 

du. 

By (21*255), over any finite range of u, 

1. i. m. «r € (it) I |“ K(£) er** d% = a (u) P K (f) er**dS 

e-s-0 J— oo 

By a second application of (21*255) in conjunction with X^, 

lim f %*. (»)-£{[ K (£> d£ du 

«r-»*oJo Om ( [ J — . oo 

-j >5 

uniformly over any finite range of u. By (21*255), 

y}r ( u ) — 1. i. m. (u). 


K (0 e-Wd% 


Combining these, almost everywhere, 
yfr (u + a) — >]r ( u ) = [er (u + (t) — a (li)] 

ru+a ft n TOO 

-J. 

By lemma 30 ttJ we may integrate by parts, obtaining 

ru+a | r oo 

■\Jr (u +a) — yjr (u) = K (f) e~ iu % dg dcr (u), 

JU l J — CO 

which is equivalent to (22*44). 


du. 


§ 23. The Monotoneness of the Spectrum. 

We now come to a group of theorems clustering around 
lemma 30 a , and making assertions concerning the function cr (u). 
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Theorem 31. Iff(x) belongs to S, and cr(u ) is defined as in 
lemma 30 a , 

(23-01) a (oo ) — cr ( — oo ) ^ V 2tt cfi (0). 

We shall have 

(23*02) cr (oo ) — <x (— oo ) = V2^ cf> (0) 

when and only when f(x) belongs to S'. 

For by (21*26) and the proof of X^, there is a sequence of 
values of e such that if e 0 through that sequence, for almost 
all u 


(2303) 


<r(u)~<r (- u) = lim ^ — j“ [s(w + e)-s(w- e)[ 2 <2w, 
nee 

1 j-a> 

(w) — <r (— u) < lim r — j== \s (u -’re) — s(u — e)| 2 du 

e-M) V ^7T J _oo 


and hence 

cr 


= V 27 T (0). 


Thus, by the monotoneness of cr (u), 

cr (u) — cr (— u) < V 27t (0) 

for all u, which establishes (23 - 01). 

If (23'02) is to hold, we must have 


(23‘04) lim lim — ^ [ + f |s (u ■ 




V -v 


at least if e->0 through our selected sequence. In the proof of 
the appropriate part of theorem 28, nothing is changed if we 
restrict e to such a sequence. Thus f(x) belongs to S'. On the 
other hand, if fi (as) belongs to S', by the other part of theorem 28 
it will follow that (23'04) is true as e— »-0 by any route, and b~f 
(23’03) and (21*17), we arrive at (23-02). 


Theorem 32. If f (x) belongs to S and we define <r(u) as in 
lemma 30 a , and {w n } are the 'points where jumps of cr(u) occur, 

Hm (*0| 2 dx= ±-2,[or(u n + 0)-<r(u n - 0)f. 
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In particular, if cr (u) is continuous, 

lim ^f 

~ -L J -~T 

This follows from lemma 30 a and theorem 24 and the fact that 
cr hears the same relation to <f> as s does to f 


Theorem 33. Under the hypothesis of theorem 32, if we put 

1 


(23-05) ^r(w) = <h(x)-% 
then 

(2306) lim 


e iu n? [a (u n + 0) - cr (u n - 0)], 




1 2 dx= 0. 


(27r)^ 

The series in (23-06) is absolutely convergent by (23’01) and the 
monotoneness of cr(u). We have 

= a-(w) + const. -$% [cr (w„+ 0) — <r (u n — 0)] [sgn u n — sgn (u n — u)\ 


and this is a continuous monotone function. Then (22*06) follows 
by theorem 24. 


Theorem 34. Iff{oc) belongs to S, then, almost everywhere, 


(23-07) 


<t> 0 ) = 



e *ux 


To begin with, the integral in (23-07) exists and is continuous 
and bounded for every real u, by (23-01) and the monotoneness 
of a ( u ). As for the continuity, 

1 foo I /o roo 

J _jy w(aH " 8) — eiux ) dcr (it) j < \J — J d<r (u) 

and this can be made as small as we wish by taking S small 
enough. 

T If® 

Let us put (f>i (x) = -p= e iua> da(u). 

v 2tt J —oo 
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Then <p x (x) 


sinXx 

x 


V2 tt 

1 

V2 7 T 

1 


[ e ivx da(u)\ [ e ivx dv 

J —00 J — x 

roo /-a. 

d<r(u)\ e i(u+v)x dv 

J —CO J —A. 


V2 


= f 

27 T J 


7 r j —a> 


r^o+\ 

dcr(u) 


J w—X 


V 27T J -00 


[ e iwx dw^[cr(w + X)— <r(w — A)]. 


Here all the inversions of the order of integration are justified 
by absolute convergence. Again, by (21 '21), 

A [<r (w + X) — cr (w — A)] = 1. i. m. [ e~ iwx cb (x) - * n — dx. 

w2ir A^ca J -a & 

As $> is bounded, cf> (x) sinXx/x belongs to L K , and, by the 
Plancherel theorem, 

cf> (x) « — jLlim. dw\[a (w + X)-cr (w-A)]. 

By X41, it follows that, almost everywhere, 

, , . sin Xx , , . sin Xx 

<f> O) = <f>i O) — — , 

or that <f> (x) — <p x (os) almost everywhere. This completes the 
proof of theorem 34. We have incidentally proved: 


Theorem 35. If f(x) belongs to S, then <p (x) differs from 
a continuous function at most over a null set of arguments. 


Theorem 36. If f(x) belongs to S, then 


S(u) = 



e~ iux — 1 
— ix 


dx 


eodsts for every u. We shall have 

S ( u ) — cr (u) = const. 


except over a null set. 
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We shall take a (w) to be monotone and shall define it to he 
( _ — 91 a t points of discontinuity. We have 


V2 7T 


rA p—iux _ 1 

<b (x) : dx 

J-A — »» 

1 r.i p—iux i 1 roo 

= r— dx e iwx dcr(w) 

V27TJ—A V 2tT j —CO 

1 f 00 f 4 

kL^wL 


la? \/ 27 r • 

g» (w—u) x giwx 

dx. 

■ %x 

If we now integrate by parts, we shall find that the unintegrated 
terms vanish by the Riemann-Lebesgue theorem, and that 


1 f 4 


e ~iux _ 1 


■ ICC 


■ dx 


- 1 
2tt 


' A d fe i{w - u)x —e 


dwa 


rA 

a («/) dw I (qUw—u)x _ e iwx^ dx 
► J — A. 

r sin (w — u) A sin wA 

w — u w 


dx 


_J L f* 

2tt J _oo 

1 r°° 

= M 0-(w) 

7 T J _oo 


+ 


= a (u) — cr (0) 

2 | 00 j~cr (u + w) — cr (w) + <x (u — w) — a (— w) — 2tr (u) + 2cr (Q) ~| 


Thus 

(23*08) 


smwi 7 
x dw. 

w 








dx — cr (u) + cr (0) 


7TJ 0 


roo 

F(w) 

1 A 


sin wA 


w 


dw 


where F (w) is a function vanishing continuously for w— 0 and 
of limited total variation V over (0, 00 ). Then 

(23-09) * r F (w) a ™AL±d W = I* r F (f) a ^dw 

ttJo 7 w IttJo \AJ w 

< 2n lim sup | F (u) | + J ^ f F (?£\ dw 

c\*~»r * cr nrr I ^ J »*r \“/ ^ 
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Again, 

<»*» 


2 rrr ?■££*, 

TT J mr L J nir V J \-4 / 

+ |umsup|j'g) 


00 sin v 
mr v 


dv 


4 V j (- n + 1 ) ,r j sin v 


TT 


dv 


< 4T r /W7T. 

Here we have made use of the fact that F is bounded, and that 
sinw 


w 


vanishes at mr and at oo . Now let n be so large that 


4 V/mr < e/2, 
and then let A be so large that 

27ilim sup | F(u ) } < e/2. 
0<^< - 


It will follow from (23'08— 10) that 

1 rA g—iux j 

vi <«■ 

1 rco e —iux j 

Hence - . — / d> (sc) ; dx = a ( u ) — a (0), 

V 27T J — OO — 

which is equivalent to the conclusion of theorem 35. 

§ 24 . The Elementary Properties of Almost Periodic 
Functions. 

Let f(x) be a continuous (real or complex) function of the real 
argument x, which ranges over (— 00 , 00 ). Following H. Bohr*, 
we shall call t (e) a translation number off (x) pertaining to e in 
case for all x, 

(24-01) |/(* + T( e ))-/(3)[«e. 

"We shall say that f (x) is uniformly almost periodic in ease 
there exists for every e < 0 a number L (e) with the property 
that every interval (A, A + L (e)) contains at least one transla- 
tion number r (e) of f(x) pertaining to e. The literature contains 

* Bohr 1. t Besiooviteh 1. 
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more general classes of almost periodic functions than the uni- 
formly almost periodic functions, but we shall not consider them 
in the present book, and shall call the uniformly almost periodic 
functions “almost periodic” tout net. The principal theorems of 
Bohr on uniformly almost periodic functions are : 

Theorem 37. The class of almost 'periodic functions is 
identical \ with the class of functions fix) with the property that if 
e< 0, th’ire exists a finite set of complex numbers A & and real 
numbers A^ (1 < k sg n), such that, for all x, 

(24-02) \f(x) -2 A h e iA ** 

Theorem 38. If fix) is almost periodic, 

(24-03) lim f f(x) &~ iKx dx 

r-9-00 AJ- J —t 

exists for every real A. There are at most a denumerable set of 
values of A for which the expression in (24*03) is unequal to zero. 
Let us call these Ax, A a, ... . Let us put 

A n = lim -L, f f{x) e~ iAnX dx. 
oo J -T 
1 rT 1 n 

Then lim lim f{ x) — 2 Aice iAkX dx — 0. 

}i-»-00 r-»-oo J —T\ 1 

These are respectively known as the Weierstrass and the 
Parseval theorems for almost periodic functions — the former from 
its analogy to the ordinary Weierstrass theorem on polynomial 
approximation, and the latter from its analogy to X 6 x . We 
shall devote the remainder of this book to their proof by means 
of a series of lemmas. 

It will be seen that an ordinary periodic function will have 
its periods as translation numbers pertaining to every e, and 
that every interval Lie) of length exceeding the smallest posi- 
tive period will contain at least one period. We thus obtain: 

Lemma 371 . Every continuous periodic function is almost 
periodic. 

This serves as a justification of the name, “almost periodic.’ 

If f ix) is almost periodic, it is continuous, and will hence be 
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less in modulus than some number N over the finite interval 
(0, L (e)). However, if x is any real number, there is a translation 
number r(e) of f (x) pertaining to e and lying in (a? — L (e), x). 
Thus x — r (e) lies in (0, L (e)), and, by (24*01), 

I /O) I ^ I /(« — T(e» [ +e<JV+e. 

Hence we have: 

Lemma 372. Every almost ■periodic function is bounded. 

In exactly the same way, we may prove: 

Lemma 373. Every almost periodic function is uniformly 
continuous. 

For let e > 0. Let 8 be so small that over the interval 
<- 8, L (e/8) + S), I /<*) -/( y) I < e/3 
whenever j a; — y | ^ 8. Let g and g be any two real numbers 
not differing by more than 8. Then there is some translation 
number r (e/3) such that g — r (e/3) and g — r (e/3) both lie in 
(— 8, L (e/3) + 3). Thus 

I /(f) -/ (17) I s I /(f) -/(# - T (e/3)) | + If (v) -f(n — T (e/3))[ 

+ |/(f-T(e/S))-/(,-T(e/3)>| 

^ e/3 + e/3 + e/3 = e. 

A most important lemma is : 

Lemma 374. Let fix) and g (x) be almost periodic. Then if 
e > 0, there is a number M(e) such that every interval (A, A +M (e)) 
contains at least one number (e) that is a translation number 
pertaining to e of both fix ) and g (x). 

To prove this, let L\ (e) be a number such that every interval 
{A, A + L x (e)) contains at least one translation number of f(x) 
pertaining to e, and let X a (e) bear the same relation to g (x). 
Let 81 be so small that for J x — y [ < 8 X , 

(24*04) | f{x) —f{y) J < e, 

and let S 2 bear a similar relation to g (x). Let us divide the 
interval (0, Li (e)) into m consecutive intervals Ij. of size not 
exceeding 8 1} and similarly let us divide (0, L% (e)) into n con- 
secutive intervals J* of size not exceeding 82 . It x is any real 
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number, there will be a translation number t x (e) of f (x) 
pertaining to e, lying between x — L x (e) and x. If we divide 
this by L x (e), let the least positive (or zero) remainder be f. 
Let £ lie in Similarly, let r 2 (e) be a translation number of 
g (x) pertaining to e, lying between x — L% (e) and x. If we divide 
this by L 2 (e), let the least positive (or zero) remainder be y. 
Let r) lie in J v . We shall call (g, v) the index of x. There are 
not more than mn possible indices. 

In some finite interval, say (— X, X), x will run through all the 
indices it ever attains. Thus if x is any number whatever, there 
is a number y in (— X, X) with the same index (g, v). This 
implies that there lie in / M two numbers, say a and b, such that 
a differs from a; by a translation number of f(x) pertaining to e 
and that b differs from y by a translation number pertaining to e. 
That is, if X is any quantity, 

(24-05) |/(a + X)-/(a? + X)| <e; |/(& + ^)~/(y + X)| <e. 
However, | (a + X) — (6 + X) | < S x , 

since a and b lie in the same Thus, by (24 - 04), 

| f (a + X) —f (b + X) | < e. 

Also, by (24r05), | f(x + X) —f(y + X) | ^ 3e. 

Similarly, | g (x + X) — g (y 4- X) \ < 3e. 

Thus x — y is a translation number pertaining to 3e of both f(x) 
and g ( x ). Since y lies somewhere in (— X, X) for an arbitrary 
x, it follows that every interval of length 2X contains at least 
one common translation number of f(x) and g (x) pertaining to 
3e. Since 3e is an arbitrary positive number, this establishes 
lemma 37 4 . * 

As an immediate corollary, we have: 

Lemma 375. If f(x) and g (x) are almost periodic, so are 
fi x )±g (#) and f (x) g (x). 

For any translation number pertaining to e for both f (x) and 
g (x) is a translation number of f(x) ± g (x) pertaining to 2e, and 
a translation number of f(x) g (x) pertaining to 
e {lim sup |/"(«)[ + lim sup | g (#)(}. 

In particular, if f(x) is almost periodic, so is f(x) e iXx . 
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A very important lemma of the same type is: 


Lemma 376 . If fix) is almost periodic, and if F(u) is a con- 
tinuous function of u over a closed interval containing the range 
of values of fix), then F(f(x)) is almost periodic. 

For if \Fiuf) — F(«i)l is less than e whenever \u 2 — u x \ 
every translation number of f(x) pertaining to S is a translation 
number of F(f(x)) pertaining to e. 

A trivial instance is that fix) is almost periodic when f(x) is. 
Since obviously f {x + A,) is almost periodic, it follows by lemma 
S7 5 that fix + X) / (x) is almost periodic in x. Again, \f(x)\ will 
be almost periodic when f(x) is. 

Lemma 377. If fix) is almost periodic, there exists a finite 
number A such that 

1 fV+T 

(24-055) A — lim ~ f(x)dx 

T-*~co J y 

uniformly in y. 

Let e > 0. Let Z7be some translation number of fix) pertaining 
to e, and exceeding L (e) — say the least such number. Then there 
always is a translation number V pertaining to e between nU 
and in + 1) U. Hence 


11 r(n+iw 1 ru I rr ro 

! fL f(x) dx ~ u\ 0 f{x) dx = u L f(x) dx - L-/ (x)dx 


+ [ /O) dx 

JnU- V 

r(n+lW 


rU 


J, 


fix) dx 

(ra+l)Z7- V 
f(ra+ 1) U- V 


+ 1 fix)dx—\ fix)dx 

J V Jo 


< -^.[2T r — 2nU + in+ 1)17— V ] 


= ^iV-nU+U) 
<; 2e. 

Hence, if p and v are integers, 


(24-06) 
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Now let v TJ y (y + 1) U and fxTJ ^ y + T < O + 1) U. Then 
(24-07) /(as) das - jj^yo \ v J <») dx 

1 r vU ,1 11 f J/+27 ^ i/i l \ rv-u 

tI /«<H + 1 + IGp-c^jb-) J./«* 


x 


3Z7 V 2eC7 

< ylim sup |/(a?)l + ~jt • 


2e + ^J/(*)<k 


Here we have applied (24/06) in order to obtain an estimate of 


O' 


L IW 


c£a?. 


It follows from (24-07) that we may choose T so large inde- 
pendently of y that, for some fi and v, 


< €. 


ii fy +T l r» u 

I tS, vL f(a:)d!v 

Thus, by (24*06), for all y, 

(24-08) ±^ T f(x)dx-}g^f(x)da «3e. 
Hence, if f(x) is real, 

1 ry+T 1 ry+T 

lira m /(*) dx- Urn Tp f(x) dx < 6e, 

T-**o J y T-». QO 1 


and, since e is arbitrary, 

1 ry+T 1 ry+T \ ry+T 

lim m /(») dx = lim ^ f(x) dx = lim ^ /(a?) dx. 

y->oo ^ y oo * V T-^co J y 

The existence of this limit, which we shall write ^4, follows even 
in the complex case from a separate consideration of real and 
imaginary parts. Let us note that A is independent of y, and 
that y may go through any real set of values as T becomes in- 
finite without vitiating (24-055). This completes the proof of 
lemma 37 7 . 
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As a corollary, we see that if we put* 

lim \ r + 7(») cfc = M {/(«)} = Jf. {/), 

then if /(a?) is almost periodic, there exist uniformly in y: 
M{f(x)e^} for all real **{/(« + *)/(£)}; M {|/(*)| 2 }. 
Lemma 375. If f (a) is almost periodic , so is 

{/(*+£)/(£>}• 

Clearly 

|<£ (a; + t) - 4 > (x)\ = J M i {[f(x + %+ r) -f(x 4 - f)]/(a?)} | 

< lim sup | /(£) | lim sup | /(f + r) -/(f) |. 

Thus any translation number of /(#) pertaining to e is a transla- 
tion number of <f> (x) pertaining to e lim sup |/(f)|. Lemma 37 8 
follows at once. 


Lemma 379 . Iff (x) is a non-negative almost periodic function 
and 

( 24 - 09 ) M {/(« 0 } = 0, 

then f(x) vanishes identically. 


Otherwise there will be a point x such that f(x)> 0. Let 
f(x) — 2 tj. Because of the continuity of f(x), there will then be 
an interval (a, 6) about x in which f(x)^i 7. Let L (17/2) be such 
that every interval of length L(i 7/2) contains at least one 
translation number of /pertaining to 17/2. It will then follow 
that every interval of length L (n/ 2 ) will contain an interval of 
length (6 — a) which is transformed into (a, b ) by such a transla- 
tion number, so that in this interval, /(a?) ^97/2. That is, if 

nL^/ 2 )^T^(n + l)L(rj/ 2 ), 

we shall have 


so that 


/(*)<& 

^K +Tf(x)da:> mM >0 - 


* We use the M x notation when there is any possible ambiguity as to the vari- 
able with respect to which we are taking the mean. 
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This contradicts the hypothesis (24-09), so that no such point x 
exists and fix) vanishes identically. 

Lemma 37 10 . If fix) is an almost periodic function, 

(24-10) g (ce) = lim sup | fix + y) -f(y) | 

-CO<J/<CO 

is almost periodic *. 

For 

I g (« + t) ~ 9 («0| = ! lim sup |/(® + r + y) -f(y + t)| 

~ CO <2/ <od 

- lim sup j f(x + y) ~f(y)\ \ 

— oo<2/<co 

« lim sup ]| f(x + r + y) -f{y + t )[ - \f{x + y) -/(y)|| 

- 00 <2/ <00 

< lim sup |/(« + r + y) -f(x + y) -f(y + t) +/(y)| 

— CO <^<00 

< lim sup {\f(x+T + y)-f(x + y) \ + \f(y + T)-f(y)\ 

— 00 <2/ <03 

< 2 lim sup \f(y + t) -f(y) |. 

-co<j/<co 

Thus every translation number of f{x) pertaining to e will be 
a translation number of g (x) pertaining to 2e. This establishes 
lemma 37i 0 . 

Lemma 3711. Letf(x) be almost periodic. Let g (x) be defined 
as in (24'10). Let G t (a?) be defined by 

to 

G t {x) = 1 — — (0<a?<e); G t (x) = 0 (e^.x). 

Then G, (g (x)) will be non-negative, almost periodic, and not 
identically zero. If 

G'(g( r)) + 0, 

rwill be a translation number of fix) pertaining to e. We shall put 
(24-11) (a) = ft (0 (x))/M {ft (ff m- 

Then (x) will exist. 

The almost-periodicity of G e (g (x)) will result from lemmas 37 6 
and 37*). -The non-negativeness is a matter of definition. G t (g(x)) 


Cf. Bodmer 1. 
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cannot vanish, for x = 0. If G c (g (os)) 4= 0, we have g (os) < e, and 
hence, by (24*10), 

\f(r + y)-f(y)\<e 

for all y, so that t is a translation number of f(x) pertaining to 
e. By lemma 37 9 , M {Gr e (g (y))} 4= 0, and -*^ e (x) is properly defined 
by (24*11). 

Lemma 3712 . If f(x) is almost periodic and ^ (x) is defined 
by (24*11), 

(24*12) fi (os) = M y (x - y)f(y)} 

exists and is almost periodic, and 

(24*13) \fifi) -/« (x)\ ^ e 

for every x. Furthermore, 

(24*14) e f (x) = M z {^, (x - z)fi (z)} 

exists and is almost periodic, and 

(24*15) | 'f(x)-f.(x)\^e 

for all values of x, so that 

(24*16) {«/ (x) -f(x) J < 2e. 

We have 

(24*17) e f(x) = My {f (y) M z (z + x-y)^, (z)}}. 

To begin with, by the definition of yfr t (x) and the fact that 
•\|r (x) differs from 0 only for arguments that are translation 
numbers of f(x) pertaining to e,f (x) is a weighted average with 
positive weighting of quantities like f(x + T (e)), which differ 
from f(x) by not more than e. We thus get (24*13). Moreover, 
by lemmas 37 ? and 37 s , 

/« (*) = M y {f(x + y) yfr, (x)}, 

and, since by (24*11), 

M{f t (x)} = 1 , 

it is easy to see that 

lim sup \f(x + r) —fi (a;)] < lim sup \f(x + t) —f(x) |, 

— oo<a;<oo ~oo<a;<oo 


WFI 


13 
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and that / e (x) has the same translation numbers pertaining to 
the same quantities as does f(co). Thus f e (x) is almost periodic, 
(2414) exists and is almost periodic by the same arguments 
which we have already used in the case of (2412), and (2415) 
is true for the same reasons as (2413). If we put (2413) and 
(2415) together, we get (2416). 

As to (2417), we have, by (2414) and (2412), 

«/ (®) = {'h O - z ) M v O - y)f(y )} } 


= lim 7p 


f a + T i . 1 

y]r t (oc — z) dz lim 


P+T* 


/ 

J/3 


^ 0 - y)f(.y) dy. 

Since xjr e and f are almost periodic and hence bounded, the 
expression under the second limit sign tends to its limit 
boundedly, and, by bounded convergence, 


1 ra+T j 

«/<»= lim lim Tfrwr / ^r e (x-z)dz 

Tx oo Tn-*- oo 1 J-2 J a 

rfi+T, 


fP+T a 

(* - 2/)/(2/) 

J p 

1 rp+Tz X 

= lim lim f(y)dyjr 

T^co T 2 Jp J-l 

Ca-hTj 

X 0® - Z) fa (z - y) dz, 

J a 

or, since the function ->Jr e is even, 

(2418) 

x rP+T* l 

«/(»)“ lim lim f(y) dy ^ 

T 1 ->-cc T 2 -*~ao J p -*1 

fa+T i 

x j tysiz — y) fa (z — x) dz 

J a 


X r/3+y* X 

: lim lim I f(y)dy „ 

oo T % ^ co -*■ 2 J 0 3 


1 

a— ar-KPi 


x [ 1 xjr € (z + x —y)^ (z) dz 

J 6 L-& 

f 1 /* a -«+2i 

lim j/(y) w ^ e (z + x-y) yfr e (z) dz 

Tj-^-co ( llJa-K 
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If wq^can show that 
(24-19) 

1 CV+Ti 

hm -=- ifr e (z + u) yfr e (z) dz - M z (z + u) -\}r e (z)} 

^l-^OO 1 Jy 

■uniformly in u and y, (24*17) will be an immediate consequence 
of (24 - 18). However, in fche argument of lemma 37 7 , when we 
showed (24*055) to exist uniformly in y, our proof gave an 
estimate of this uniform approach to a limit which involved 
solely : 

(i) The set of translation numbers of f (pc) for all different 
values of e ; 

;£ii) The least upper bound of \f(x) [. 

Now, the functions (z + u) (z) have as a common upper 
hound for their modulus the square of the upper bound of the 
modulus of ^r e (z). Furthermore, any translation number of 
'y}r e (z) pertaining to e is a translation number of (z + u) ^r e (z) 
for every u pertaining to 

2e lim sup | i/r £ (z) [ . 

— 00 <2?<0O m 

We may thus establish the following lemma just as we have 
established lemma 37 7 . 

Lemma 37x3. If f (as ) is almost periodic, (24*19) is true uni- 
formly of y and u. 

This completes the proof of lemma 37x2. 

Lemma 37i4* If {fn 0*0 } & a sequence of almost periodic 
functions, tending uniformly to a limit f (x), then f (sc) is almost 
periodic. In particular, if X j B n [ < oo , and {A n } is a set of real 
numbers, 

(24*20) XB n e*^ 

is almost periodic. 

For let | f n (x) — f (x) | < e/3 

for all x, and let r (e) be a translation number of f n (x) pertaining 
to e/3. Then v (e) will be a translation number of f(x) per- 
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taining to e. Thus there will exist a number L (e) such that 
each interval ( A , A + L (e)) will contain at least one t (e). As 
fix) is continuous, being the limit of a uniformly convergent 

sequence of continuous functions, lemma 37 14 is established. By 

jv 

lemmas 37 x and 37 5 , it follows that X B n e iAnX is almost periodic, 
so that the almost periodicity of (24*20) follows at once. 

§ 25. The Weierstrass and Parseval Theorems for 
Almost Periodic Functions. 

Lemma 3715. If fix) is almost periodic, then there eccists a 
( finite or denumerable) sequence of positive numbers B n , with 
corresponding real numbers An, such that 

(25*01) tB n < 00, 

and 

(25*02) <f> (x) = M t [f{x + f) /(f)} = %B n e^\ 

Here we appeal to theorem 32. If fix) is almost periodic, 
so is 4>(x) by lemma 37 8 . By the boundedness and monotonic 
character of 0* (u), 

£ — — - T e iu n x [cr ( U n + 0) — cr (u n ~ 0)] 

(2tt)* 

is almost periodic in accordance with lem ma 3 7 44 . Thus by 
lemma 37 6 , the function yfr (x) of (23*05) is almost periodic. In 
view of (23*06) and lemma 37 9 , 

yjr (x) = 0, 

and <f>ix) = 't — — , e iu n x [ a {u n + 0) — a ( u n — 0)]. 

(2tt)* 

This is however an expression of the type of (25*02), and 
lemma 37 15 is established. 

We may now complete the proof of theorem 37. By lemma 
37x5, (24*16), and (24*17), if fix) is almost periodic and e > 0, 
there exists an absolutely convergent series ^B n and a sequence 
{A»} of real exponents, such that 

(25*03) \fix) - M y {fiy) %B n e^-v)} \ ^ 2e. 
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In view of the fact that f(y) e~ iAnV is uniformly bounded, either 

%B n e iA A*-y) 

contains a finite number of terms to begin with, or we may 
choose AT so large that 
(25-04) 

M r | /(y) - M„ |/(y) | < <=. 

Combining (25*03) and (25*04), we get 

/(*) - M y | f(y) | < 3e. 

If we put A n = B n M y \f (y) e~ iA ” 1 >} ) 

this gives us 

(25*05) f(x)-tA n e iA «* < 3e. 

Thus, for any e, we may find complex coefficients A k and real 
exponents A fc for which (24*02) is true, and we have established 
theorem 37. 

As to theorem 38, let A ls ..., A N be given, and let us seek to 
choose A%, Af so as to minimize 

a n ai 

which exists as the mean of an almost periodic function. We 
shall have r 

(25*06) 

M^f(x)-XA n ' e* 4 ** 

= !•} - 2 A n ' M {/(£) e iA **} 

- 2 A n 'M{f(x) + f I A n ' | 2 

1 I 

-Jf{|/(*)|*t-2|lf {/(«) «-“••} |« 

I 

+ 1 1 A n '~ M {f{x) e -**”*} I* 

i 
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This will assume its minimum value when, and only when, 
(25-07) A n ' = M{f(a>) e^ A « x }, \n = 1 , 2, . .. , N]. 

We shall have 

N 

(25-08) M {|/» l 2 ] ^ 2 | M {f{x) e~ iA » x ] | 2 

There can thus only be a finite number of values of A n on 
(— oo , oo ) for which 

I M { f(x ) e~ iAnX ] | > a > 0, 

and at most a denumerable set of values for which 


M {/(x) e~ iA ” x } 4= 0. 

Let the totality of these values be {X M }, and let 

a n = M {/(a?) e~ 

Then, by (25*08), 

(25-09) X|a w | 2 <-M{|/(^)1 2 }. 

On the other hand, by (25 05), if we define An as in (25"07), 

N 


n e iAnX 


<9e z . 


f(x) — £ A n e iA "* 
1 


} 


By (25-06), M {!/(*) | 2 } -f M*' I 2 < 9e 2 

and since the An ’ s which differ from 0 represent a selection 
among the a n ’ s, and e is arbitrary, 


M{\f{x)\*\>^\a n \\ 

Thus, by (25-09), 

M [\f (x) | 2 } = 2 | «« | 2 
In other words, by (25*06), 


(25-10) lim M \ \f(x) - 2 a n e iX ** = 0, 

and we have established theorem 37. 

A historical remark concerning theorems 37 and 38 is perhaps 
in order. The first proof in each case is that of Bohr himself*, 
and is technically elementary hut by no means ea sy. The present 


* Bohr l. 
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author* gave the nest proof, depending like the present one on 
the Fourier integral, hut much more intricate. A further proof f 
was due to H. Weyl, who for the first time explicitly introduced 
the function <f> {x) which had appeared in a modified form in the 
author’s papers. Weyl’s proof depends on the ideas and technique 
of the theory of integral equations, though not on the proved 
theorems in that field, and is to my mind the simplest and 
most direct way of proving theorems 37 and 38 if these theorems 
alone are required, but it does not orient them with respect to 
the more general theory of harmonic analysis. The introduction 
of (of) in the treatment of the present paragraph is an 
adaptation from Weyl. 

The next proofs to appear were those of the present author J, 
substantially as they are here presented. At about the same 
time, de la Vallee Poussin § gave a proof depending on the same 
ideas as the original proof of Bohr, but also introducing the func- 
tion <f> (x). This proof has found favour at the hands of Bohr 
and Besicovitch, though the present author cannot altogether 
agree with them in preferring it to that of Weyl. Like Weyl’s 
proof, it is not adapted to an extension to a more general theory 
of harmonic analysis. 

The dominating idea in proofs of the Bohr-de la Vall6e 
Poussin type is that of the arrangement of the terms a n e iK n x in 
(25T0) in an order depending on the arithmetical properties of 
the Xn. The dominating idea in the Weyl proof is that of the 
arrangement of these terms in the descending order of magnitude 
of the coefficients | a }l | . The present treatment arranges these 
terms in the order of the exponents \ n . This is the only order 
which is compatible with a unified treatment of almost periodic 
functions and functions with continuous spectra. 

* Wiener 5. t Weyl 2. 

X Wiener 1,6. § De la Yallee Poussin 1. 
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